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Steady flow

e A flow is said to be steady when all guantities do not depend on time (a/ot = 0)

* Of course, by

'his we do not mean tr

all other quant

ities do not change wi

at

N tl

me at each fixed point
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t only that the velocity and

IN space.

* A useful theorem for this type of tlow will be described in this section




Bernoulll’s equation

e [ et's start from momentum equation:

Ov 1
57 (’U-V)’U-—;Vp—v\l! (13-1)

o [f the fluid Is barotropic, then p=p(p) and so
1
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e Also we have

(v-V)v:V(%v2>—v><(V><v)

e Using these momentum equation becomes

ov 1, B | dp ]
atIV<§U)_'UXw— V/p .‘If_ (13-2)

* where we have defined the vorticity: _ w =V X v




Bernoulli's equation (cont.)

 Now, assume a steady flow (dv/ot = 0) and the dot product of (13-2) with velocity v

* Since we have v - (v x w) = 0 always, the result is

. ) ]
vV —vz+/p|\lf =0
2 p _

* This gives in Bernoulli's principle: For steady barotropic flows, the quantity

1 d
H:—02+/pl\lf
2 p

* |s constant along the streamline.




Bernoulli's equation (cont.)

* [f p=0, H = constant IS the statement that kinetic + potential energy is constant along
streamline.

e [f p£0, pressure differences accelerate or decelerate the flow as it flows along streamline.

- Example: the apocryphal aircraft wing

Vi V2 = p1r<p2 fromm H //_flfl_\
— pressure difference - /—\ =
— lift force Us

» Of course, this cannnot be the whole story of how aircraft wings work or else inverted
flight would be impossible




Bernoulli's equation (cont.)

- Example: shower curtain

« Downward flow of air on inside of curtain included nO
by tailing water b1 ()0

° = < 66
P1 = P2 00

e = curtain blows inward l

P2




Rotational and Irrotational Flow

* An irrotational flow is one in which V x v = 0 everywhere, i.e., the vorticity w=0
everywhere

» For stationary irrotational flow, (13-2) gives thatVH =0

* S0, H = const. everywhere (not just along streamline)

* For a general (not necessarily irrotational and steady state) flow, we have
Ov

m:—VH—I—vxw

e Take curl: 0

E(va):—Vx(VH)—I—VX(vxw)
ow , .
= | 5 = V x (v xw)| Helmholtz's equation




Rotational and Irrotational Flow (cont.)

 From Helmholtz's equation, we observe three results

1. It w=20 Initially, it will stay zero thereafter. We will see that this is no longer true once
we include viscous term.

2. The tlux of vorticity through a surface S that moves with the fluid is a constant, I.e.,

D
—/w-dS:O
Dt |«

e |.e., flux of vorticity is conserved and moves with the fluid.

* [his Is Kelvins vorticity theorem




Rotational and Irrotational Flow (cont.)

3. For an irrotational flow, the fact that V x v = 0 everywhere implies that there exists a
ootential function @&, such that

v=—-—Vo,

e [f such flow is also incompressible, then v .y =0 and so
V20, =0

* |.e., can reduce problem of finding velocity field to that of solving Laplace s equation.




1The Da Laval nozzle

» Consider steady flow in a tube with a variable cross-section A(z);

* For a steady flow, mass conservation gives

pvA = constant M (mass flow per second)

= lnp+lnv+nA=InM

1
- —Vp+Vho+VInA=0
P

= 1V,0: —VInv—-—VInA
0




The Da Laval nozzle (cont.)

e and the momentum equation (with no gravity) gives

1
v-Vvo=—-Vp
0
e |et’s further assume a barotropic equation of state. Then
1d
V- VU = pr
pap

* SO, putting these pieces together gives
v-Vv=[Vinv+Vindle: (c2=dp/dp) (13-3)

e [t flow IS also irrotational, we have

1 1
(v-V)v=V (5”02) = §v2V(lnvz) = v°Vinv




The Da Laval nozzle (cont.)

e and so, from (13-3)

2]

vel Inv=[! Inv+! InA]c

= [(V°! )" Inv=¢c" InA

e This implies that extremum of A(z) must correspond to either
A. Minimum or maximum in v, or
B. v=c;

* Thus, we see that there is the potential for a transition from subsonic to supersonic flow at
a Minimum or maximum of the cross-sectional area of the tube




The Da Laval nozzle (cont.)

* o make progress, we applying Bernoulli's equation
v+ —=H [no gravity, steady, irrotational]

e and examine the two standard barotropic case

- Case |: Isothermal EoS

) = R/ !'T
L
_ I I |
d_p: R, Td :R'Tln!
| R 8

= cIn!




The Da Laval nozzle (cont.)

e SUpPpPOSe that we have a minimum or maximum in A(z) that allows a flow to have a sonic
transition.

e | et A=A,, at this location

* Then Bernoulli gives

1 1 |
—v+c|n': C+ClnI
2 2" A=An
| 0 e - UA T
A= An
vi=cZ 1+2In | = ¢ 1+2In

! CAm

* where this last step has used mass conservation, 1.e., pv4A=const.

* Thus, given A(z) we can determine v(z) and p(z), I.e., structure of flow everywhere subject
to given M and c;




The Da Laval nozzle (cont.)

- Case ll: Polytropic EoS

p: K!1+1/n

e | et’'s examine the case where the sonic transition occurs at A=A4,,.

* But now we do not know the sound speed cs since cs=cs(p) and p varies

e \We need to solve for c§: n+1|<!1/“
N
* Now d_p:' dp d! :' Kn+1!1,md_!
! dl ! N !
:Kn+1_ !1/n!1d! :Kn+1n!1/n
N N

= ncs




The Da Laval nozzle (cont.)

e Mass conservation:

| VA = I‘Am CS‘Am Ay = |\}|:|
1/ 2 H
n+1 H
= | K | Yeng o AL = M
IR - A
241 /n | n+1 2 _ A2
| K AZ = MW
A n
# o $, 7W% (2n+1)
o _ ﬂ N 2

all An K((n+1)




The Da Laval nozzle (cont.)

e KNowing pl4sm, We can now determine cs and 4.

* Bernoulli gives

1 d
v+ 2P = const
2 |
1 M 1 B i
-+ T |1 — = 2#% n i  1/n
> Al K(n+1) ZS#Am K(n+1)! #Am
_'# ++
:1- n+1 K!llnﬁ +K(n+1)!1/n§
2 n Am Am
= }+n n+l K!lln%
2 N A

* This is an implicit equation for the density structure through the flow




The Da Laval nozzle (cont.)

* General points of physical interpretation:

1 )" Inv=c" InA

(Vv
- In subsonic regime v < ¢;

- 4 decrease =V Inv positive
= vy accelerates along streamline

e.qg., rivers through narrows
- In supersonic regime v > c;

- 4Aincrease =V Inv positive

= vy accelerates along streamline

* Gas becomes very compressible. 4 increases, v increases, p Is greatly reduced.

_M = I AV constant




The Da Laval nozzle (cont.)

e S50, a nozzle that gets progressively narrower, reaches a minimum, and then widens
again can be used to accelerate a flow from a subsonic to supersonic regime.

I
I

SUBSONIC - | » SUPERSONIC
I




The Da Laval nozzle (cont.)

* Recall momentum equation:

1 dp
41 =S [ L e |
(va )v BT cs! In!
(va )v=v Inv
= v°l Inv="2cs! In!

elfv! ¢, " Inv#" In! thisimplies accelerations are important, pressure or density
changes are small - almost incompressible

e lfvl G, " Inv#" In! v = constant, pressure change do not lead to much
acceleration but there is change in p - compressible flow




Accretion and Outflow

| [n the universe, accretion and outflow are common features.
* Accretion: the gravitational attraction of gas onto a central object.
® (Galaxy, AGN (supper-massive BH)
® Binaries (from remnant star to compact object)
® |solated compact object (white dwarf, neutron star, BH)
® Protostar, protoplanet
e Qutflow
® Solar wind, stellar wind, Pulsar wind.
® (Galactic disk wind

® Outflow/jet from the accretion disk




Bondl accretion

* We find flows with a mathematical structure when we consider steady-state and
spherically symmetric accretion flows in the gravitational potential of central object

e Consider the spherically-symmetric accretion of gas onto a star (described as a point of
mass). We will assume

- gas is at the rest at « (reservoir)
- steady state flow

- barotropic EoS




Bondl accretion

* Mass conservation gives
l VA = constant MW

= 4 r2"y= W
* where, for convenience, we define v to be inward pointing.

* Momentum equation gives

Vd_v_I ldp GM
dr ~ldr r2
dinv din! GM
2 = | 2 | _
= V m | CS e (13-4)

e assuming self-gravity of the accretion gas is negligible.




Bondl accretion

* Now, steady tlow must have

E-Inl\)llJ =0

dr

d d d

—In! + — + — 2 =
=>drn drlnv drlnr 0
— Eml — | Emvl g

dr  dr T

» Substitute into (7-4) gives

d - d 2 GM

2 _ 2
Vv alnv- on &Inv+ - | >

e Therefore

r 2C2r

d
2 2 —
(v CS)_dr Inv




Bondl accretion

* There is critical point in the flow at

GM
2CZ

= g =

e where v IS either a minimum / maximum or there is a sonic transition

* This is called the sonic point, somewhat similar to De Lavel nozzle, except no boundaries /
tubes!




Bondl accretion and

 Can gain insight into the general structure of such tflows by plotting possible solutions on
the (v/rs, v) plane.

"’ SPHERICAL WIND
' (WITH u — —u
IN ABOVE)

. SPHERICAL
- ACCRETION
SETTLING W,
= FLOWS \\‘\\\\‘\\
' -
I

* Back to accretion problem: progress requires the EoS




Bondl accretion

- Case I: Isothermal EoS

e Equation of state is:

R,!T
P = T T = constant
Cs = | Al = cons
L
e and we Know
GM




Bondl accretion

* Need to use Bernoulli’s equation to constrain o and M/

1 - d
H:§v2+ |—p+! = const.
csIn!

1, GM 1., GM

v+ csIn! | = —ci+ciln!lg!
~ 2 S r 275 ST

1 GM | 3
=>§v2+(:§|n!! : = ¢ Inlg! 5

o 3 2GM

= v:=2¢ In l—s D

e wWhere !s IS density at r = r;




Bondl accretion

e Now,

easr! 0,ve! 2GM/r, i.e. free-fall

easr!- and v ! O,!:!Se!?’/z,giving !S:!!e3/2

 Thus, for a given p», we know ps and hence W

Ml =41 12" c
| (20 203 2
= M = l G“M “e |
C3

e Note:
- Ml proportional to M2, more massive stars can accrete much more gas;

-\l proportional to 1/¢3, accretion very sensitive to temperature; can accrete more
effectively from a colder medium




Bondl accretion

- Case 2: Polytropic E0S

 Equation of state iIs:

p= K1im C:—p:K(n+1)!1’”:nC§

e Bernoulll gives

1. o GM 1, . GM
+(n+1)K!HN 1 = —Cct + nct !
2" ( ) r 2 > > <

e with rs = GM/ 2¢5

21

e Using the mass accretion rate M = 41 r2" cs we can then write

1/ 2 ' :
GM GM 2/'3 41" 13
rS — — = CS —

4" (Co 2¢2 2 ¥




Bondl accretion

e Combine this with
n+1

Cs = — K1am
* t0 get
1N = ,
N ) v
’ 4/3 2/ 3
L, yUnt 23 _ @ 2n)an - COM 4 N
N - 2 W (n+1)K
oM AV @t2n)f e 2n/ (3! 2n) " 3n/ (3! 2n)

= 1o = -

2 M K (n+1)




Bondl accretion

e Back to Bernoulli:

1, 1/ GM 5 3
—v-+(n+1)K!I+" | =Cc; n! —
2 ( ) r > 2
: ) 2 run :b
1 %2 3 GM
- +(n+1)K""M =¢2 n! = +
2 4lr2" ( ) > 2 r
eAsr!"™ ,v! O, wehave
. 2T
- cc nl 3
o (n+1)K
2, = T




Bondl accretion

» So finally, - | )
M'J — 4| r2|| — 4' G M , " n
s st ack 3
| GZM 2 : N n" 3/2
Q& n! >
e Therefore,
i l GM 21 : N n" 3/ 2
NIJ — ( ) | -
C3 n! 3

e Same functional form as isothermal case, but now an additional coefficient related to
polytropic Index.

e This IS known as Bond accretion




Solar Wind

e [he solar corona cannot
remain in static equilibriun

but Is continually expandir
The continual expansion Is
called the solar wind.

e Solar wind velocity ~

Q.

300-900 km/s near the earth

e [emperature 10°-106 K
e Steady flow: solar wind

e [ransient flow: coronal mass

ejection

v

9
o

Oct 252003 00:12:11




Parker Wind Mode|

e Parker (1958): gas pressure of solar corona can drive the wind

 Assume: the expanding plasma which is isothermal and steady (thermal-
driven wind).

e Start with 3D HD equations with spherical symmetry and steady
e Restrict our attention to the spherically symmetric solution
e => Same analog of Bondi accretion

d 2c2 GM

2 2 _ S
veil ¢g)—Inv= — 1!
( S)dr r 2(:§r




Parker Wind Mode|

2
(vz—cz)—lnv— 265 (r—r.)
> dr 2 ‘

where r. = GM/2c? is the critical radius
(sonic radius or sonic point)

3 LI LI I LI L ll T 111 rri1rri ]I LI L I[ T 1 rr i Il 1L L
velocity / +
sound speed

supersonic

lllllllllllllllllll

subsonic

| I S N N N N R

0 1 2 3 4 5 6
distance




Parker Wind Mode|

e [ype | & Il: double valued (two values of the velocity at the same distance), non-
physical.

e [ype lll: has initially supersonic speeds at the Sun which are not observed

* Type IV (subsonic => subsonic): seem also be physically possible (The “solar
breeze” solutions). But not fit observation

* [he unigue solution of type V passes through the critical point (r=re, v= Cs). This Is
the “solar wind” solution. So the solar wind is transonic flow.

*[or a typical coronal sound speed of about 10° m/s and the critical radius is

GM,
VC— 26S2 —

* At the Earth’s orbit, the solar wind speed can be obtained by using r = 214/_sun,
which gives v = 310 km/s.

6x10°m=9 - 10R




Parker Wind Mode|

~ 1200 L I I l |

"&,’ 4 x10° °K |

e 1000 3% 106 °K eParker wind speed depends on

x temperature.

~ 800 2 % 108 °K |

- y—— *HIgh-temperature corona makes
____-———-——“"_____ .

s e — My faster wind

< | 0.75 X 10°°K . . . .

© 400¢g —F— 1| *But this trend is not consistent with

n 0.5 X 10° °K .

< 200k S recent observations

< , 515 => need other acceleration

- | /4 W W W N N S =

O

0 20 40 60 80 100 120 140 leo 'mechanism.
HELIOCENTRIC DISTANCE (in Units of 10° km)




Parker Spiral

» Solar atmosphere is high
conductivity, flux ‘frozen-in’

* In photosphere/lower corona, fields

frozen In fluid rotate with the sun

* In the outer corona, plasma (solar
wind) carries the magnetic field

outward with It

e For the radial flow, the rotation of

the Sun makes the solar magnetic

field twist up into a spiral, so-called

the Parker spiral.

Spiral Locus of
Fluid Parcels Emitted
from a Fixed Source
on Rotating Sun~__

Location of Source

when Last Parcel
Left Base of Coronag

Sun Rotating with /

Angular Speed w’

/

/

s, Location of Source
/ when First Parcel

Left Base of Coronag

* Frc
of |
aw
rot;
as

stri
Pa




Parker Spiral

* Magnetic field near the pole region can be treated as radial field.

* From magnetic flux conservation

 Where A and Ap are cross-sectional area of magnetic field at distance r and bases
. Here, A = 4zr* and Ay = 41

BAnr® = Bydnr; — B, = By(r;/r?)




Parker Spiral

» At lower latitudes, the Initial magnetic field at the surface is radial
» The foot point of the magnetic field rotates with Sun, @,

* As the Sun rotates and solar wind expands radially, it gets a toroidal component of
the magnetic field

B B O
P )
. Using B, = Bo(rg/rz)
)

r .7
— B, _(; S
(77) € V)

B¢=

* Resulting field is called Parker spiral




Parker Spiral

* Average angle of equatorial magnetic field is

tan0 = B,/B, = ra/v,,

* Magnetic field is more tangled with larger radius

. Angular velocity of Sun is @, = 2.87 x 10%s~1

e At the earth (1AU = 1.50 x 108km), the co-
rotating velocity is rws= 429 km/s

*-rom vsw~400-450 km/s, the angle of an

interplanetary magnetic field at the earth is ~ 45
degree

4 Solar Wind

Speed

1 400 km/s

Average IMF Strength and
Direction

At:
Mercury
Earth
Mars
Jupiter

Neptune

Angle: Strength:

28

45°

56°

80°

88°

35nT

7nT

4 nT

1 nT

0.2nT




Current status of Solar wind observation

Ulysses First Orbit Ulysses Second Orbit
SWOOPS

Ulysses Third Orbit

Speed [km s
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TROG0T]

e There are two types of solar wind, fast wind (~700-800 km/s) and
slow wind (~ 300-400 km/s).

* WWind speed varies according to solar activity.




Solar wind (standard paradigm)

* Fast solar wind (steady)

® Emerges from open field lines

» Slow solar wind (steady)

® [scapes intermittently from the streamer belt

e Other sources (transient event)

® (Coronal mass ejections (CMES)

/
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— = (Closed Magnetic Field Lines)

A
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n
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Magneto-Centritugal Wino

* Waver & Davis (1964): consider wind driven by magneto-centrifugal force to model
solar wind.

e (But) From current status, it does not apply to the solar wind model because the
rotation speed of the sun is slow.

 However, we can apply other astrophysical objects to fast rotators (magnetic rotators,
such as pulsars) or disk

o« Start with 3D MHD equations with spherical coordinates (7, ¢, 6)

e Assume: time steady ( d/0t = 0 ), axisymmetry ( d/d¢p = 0 ), magnetic field, and
velocity field are radial & toroidal

.ie., B'= (B, B¢,O),T5 = (v, v¢,0), ideal (adiabatic) MHD, and 1D ( 0/060 = 0 ) on the
equatorial plane (60 = x/2)




Magneto-Centritugal Wino

» Conservation of mass requires that (mass flux conservation)

pv.r* = f = const

where fis mass flux.

* The wind is a perfect conductor, thus E=-v x B. From Maxwell's equations

1 d

e But In a perfectly conducting fluid, v is parallel to B in a frame that rotates with the
Sun (or any rotating body).

r(v.B, —v,B,) = const = — Qr’B,

« Where €2 is the angular velocity of the Sun (or any rotating body) from which wind
or jet comes out.




Magneto-Centritugal Wino

+SinceVB =0, r*B, = const. = ”oBo = O
« where @ is the magnetic flux.

* -rom toroidal component of equation of motion,

Y @y ) = (U x B), = —[(V x B)x B, = ——L(+B)
——(rv,) = = — = r
prdr » » A » Ul dr »

e But Br Brr
= > = const
HoPVyr  HoPVil
*\Which allows to integrate the toroidal component of equation of motion and obtained (total
angular momentum conservation)

B,,B(ﬁ
rooVy— = Cconst = er
( //t(),OV,,)




Magneto-Centritugal Wino

 From the equation of state, p = Kp’
e From total energy conservation law, we get
] 1 vy p GM Q4r?

2 2
—v +—=(v, — Qr)” +

= const = F£

y—1p r 2

 Where E is total energy of the wind. This is Bernoulli's equation in a rotational frame
(Including potential from centrifugal force).

* The basic MHD equations are integrated into six conservation equations.
e These six parameter, f, ®©, 2, rj, K, E are integral constant.

» The unknown variables are also six, p, v,, B, vy, By, p

* Hence, If these six constants are given, the equations are solved so that six unknown
physical quantities are determined at each r




Magneto-Centritugal Wino

« Eliminating Vi, We find
b, e (1 — rﬁ/rz)
Br - Vi (1 o V%r/\/%)

o |t follows that r must be equal to r, when v, is equal to vy,.

. Here v, = B /(upp)"'* is the Alfven velocity due to the radial component of the magnetic
field.

- r, IS called Altven radius or Alfven point




Magneto-Centritugal Wino

» Before solving equations, it will be usetul to calculate the asymptotic behavior of the
ohysical quantities in this wind

e As r — o0, we find

B.oxr

e Since in adiabatic wind, wind velocity v. should tend to be constant terminal
velocity v, from energy conservation, I.e.,

V?’_)VOO

e Then we obtain _9
P X F

vy x B /Ip!"* o r !,
B,/B, xr,

B¢ o 7|

* Hence, the degree of magnetic twist is increases with distance r




Magneto-Centritugal Wino

o Calculate singular points in this wind. We get the following equation only r and p

71 K o GM QI =ri/r)

H(r,p) = — ! + — 1
1 T T Y L A ]
¢ Where )
/0 V,J' 9
—=—— =M, M ,: Aflven Mach number
PA Varl'A
e [Then we obtain
o0H . 2p oH
1 dv, ldp 2 o T | |
_ - — — — = — Wind equation
v, dr pdr r o
dp




Magneto-Centritugal Wino

e Hence the point where 0H/dp = 0 becomes the singular point.

* We obtain
oH (v =v)(7 —vi)
dp Vi — V3,
* Here i
VSZ,, =515 c + VA,,+ VA¢ \/(C + vA,,+ VA¢)2 4c vAr]
2 1 2 2 _ g2
Bl C; +vAr+vA¢ \/(CS vAr+vA¢) C; VA,,]
o Similarly,
oH  2v; GM 0 1 vl = rg/r)
p— = | r

or r 72 [ (vi—vi) ]




Magneto-Centritugal Wino

- From these equations, we find when 0H/dp = 0 (i.e., v, = vy or v, = vy,), oH/or

must be equal to zero. The point where dH/or = 0 are called slow point (r = r,,)
and fast point (r = ry,).

Solution curve of 1D magneto-centrifugal wind (Weber & Davis 1967)

radial velocity / Alfven velocity

9
—— 85985

r/rg radial distance

slow point Altven point  fast point



Magneto-Centritugal Wino

* \Weber-Davis model is considered an equatorial plane.

e But it can be applied to any 2D field configuration which assumes that trans-field
direction (perpendicular to the poloidal field line) is balanced and solves (poloidal) field-
aligned flow.

* |[f we consider the more realistic situation in 2D, we need to solve an additional equation,
the so-called Grad-Shafranov equation (trans-field equation), which describes force
balance perpendicular to poloidal field line coupling with wind equations.

* [n general, the GS equation is very complicated (second-order quasi-linear partial
differential equation) and difficult to find the solution.

* This kind of study is applied to stellar outtlows, astrophysical jets from the accretion disk,
and pulsar wind.




