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What make plasma waves? 
Plasma properties

• gas-like 

• charge 

• Magnetic field 

• Fluid equations 
- mass continuity 
- equation of motion 
- energy equation 
- (ideal) equation of state 

• Electromagnetic equations 
- Maxwell’s equations 
- induction equation 
- Ohm’s law



Fluid equation
continuity equation:
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equation of motion 
(+ gravity):
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Electromagnetic equation
Ampere’s law: ��B = µ0J

Solenoidal constraint: � · B = 0

Faraday’s law: �B

�t
= ���E

Gauss’s law: � · E =
�e

�0

Ohm’s law: J = �(E + v �B)

Induction equation: �B

�t
= �� (v �B)



Wave assumption
• Wave amplitudes are small ⇒ allows for linearization of MHD equations 

• Basic state is a static equilibrium 

• Quantities X0 and X0 are the initial equilibrium state 

• Not necessary to static

0 = ��p0 + J0 �B0 + �0gEquation of motion:

� · B0 = 0Solenoidal constraint:

p0 =
R

µ
�0T0Equation of state:

(A)

(B)

(C)



Wave perturbations
• After wave initiation, 

- X and X are perturbed quantities 

- X1 and X1 are applied perturbation (≪ X0 and X0 quantities) 

• Static initial condition: 

- v0 = 0,  v = v1(r, t) 

- Initial quantities are  time independent

B = B0 + B1(r, t)
v = v0 + v1(r, t)
� = �0 + �1(r, t)
p = p0 + p1(r, t)
T = T0 + T1(r, t)



MHD linearlisation
• Put perturbed quantities into MHD equations and neglect products of small terms (i.e., 

X1Y1) 

• Continuity equation: 

• But with                  and dropping X1Y1 terms,
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⇒
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MHD linearlisation (cont.)
• Equation of motion: 

• Neglecting X1Y1 terms and substituting for J, 

• But

�
�v

�t
+ �(v ·�)v = ��p + J �B + �g

�0
�v1

�t
+ �1

�v1

�t
+ �0(v1 ·�)v1 + �1(v1 ·�)v1 =

��p0 ��p1 + J0 �B0 + J0 �B1 + J1 �B0 + J1 �B1 + �0g + �1g

�0
�v1

�t
= ��p1+

��B0

µ0
�B1+

��B1

µ0
�B0+�1g+(��p0+J0�B0+�0g)

��p0 + J0 �B0 + �0g = 0

�0
�v1

�t
= ��p1 +

��B0

µ0
�B1 +

��B1

µ0
�B0 + �1g

⇒

⇒



MHD linearlisation (cont.)
• Pressure equation: 

• But                 and dropping X1Y1 terms, 

•  

• Induction equation: 

• But                 and dropping X1Y1 terms,

�p

�t
+ (v ·�)p = ��p� · v

�p0

�t
+

�p1

�t
+ (v1 ·�)p0 + (v1 ·�)p1 = ��p0� · v1 � �p1� · v1⇒

�p0

�t
= 0

! p1

! t
+ ( v1 á! )p0 = " " p0! áv1

! B
! t

= ! " (v " B )

! B 0

! t
+

! B 1

! t
= ! " (v1 " B 0) + ! " (v1 " B 1)

! B 0

! t
= 0

! B 1

! t
= ! " (v1 " B 0)



MHD linearlisation (cont.)
• Ideal equation of state: 

• But                     and dropping X1Y1 terms, 

• Solenoidal constraints: 

• But with

p =
R
µ

! T

p0 + p1 =
R
µ

! 0T0 +
R
µ

! 1T0 +
R
µ

! 0T1 +
R
µ

! 1T1

p0 =
R
µ

! 0T0

p1 =
R
µ

! 1T0 +
R
µ

! 0T1

! áB = 0

! áB 0 + ! áB 1 = 0

! áB 0 = 0

! áB 1 = 0

⇒

⇒



Summary of linealised equation
!" 1

! t
+ ! á(" 0v1) = 0

" 0
! v1

! t
= "! p1 +

! # B 0

µ0
# B 1 +

! # B 1

µ0
# B 0 + " 1g

! p1

! t
+ ( v1 á! )p0 = " #p0! áv1

! B 1

! t
= ! # (v1 # B 0)

p1 =
R
µ

" 1T0 +
R
µ

" 0T1

! áB 1 = 0

(11-1)

(11-2)

(11-3)

(11-4)

(11-5)

(11-6)



Simple wave solution
• Looking for plane waves of form 

• With angular frequency 𝜔 , wave vector k=(kx, ky, kz) with position vector r=(x,y,z). Note 
k=2𝜋 /𝜆 

• Useful solutions for Fourier analysis since,
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Waves in magnetic field

• There are two type of propagating waves in magnetic field 

• Because magnetic field has two forces, magnetic tension and magnetic pressure 

• Both forces are coming J x B force



Alfven wave equations
• Ignore pressure and gravity (i.e., p0 = g = 0) 

- From equilibrium (A), 

- Assume no pressure variations, 

- Assume uniform equilibrium field distribution, 

• Linearized equations reduce to:

0 = µ0(J 0 ! B 0) = ( " ! B 0) ! B 0

p1 = ! 1 = 0

B 0 = B0öz

! áv1 = 0 " i (k áv1) = 0

! 0
" v1

" t
=

(! " B 1)
µ0

" B 0 # i#! 0v1 =
(ik " B 1)

µ0
" B 0

! B 1

! t
= ! " (v1 " B 0) # $ i " B 1 = ik " (v1 " B 0)

! áB 1 " ik áB 1 = 0

(13-1)
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 (shear) Alfven wave properties
• From eq (11-1), 

• no divergent/convergent motions (incompressible) 

• From eq (11-7), 

• v1 at right angles to k (transverse) 

• Taking scalar product with B0, 

• From eq (11-8), 

• v1 at right angles to B0 (perpendicular)

! áv1 = 0

k áv1 ! kv1 cos! kv1 = 0 ⇒ ! kv1 = 90!

! !" 0v1 áB 0 =
(k " B 1)

µ0
" B 0 áB 0 = 0

v1 áB 0 ! v1B0 cos! v1B = 0

! v1B = 90!

⇒

⇒

(                )! áB 0 = 0

(11-11)



(shear) Alfven wave properties (cont.)
• Expand eq (11-9) using standard vector identity, 

 

• But                      from eq (11-7), 

• Taking scalar product with B0, 

• But                     from eq (11-11), 
 
 

• B1 at right angles to B0 (perpendicular)

! ! B 1 = k " (v1 " B 0)

= ( k áB 0)v1 ! (k áv1)B 0

(k áv1) = 0

! ! B 1 = ( k áB 0)v1 (11-12)

! ! B 1 áB 0 = ( k áB 0)(v1 áB 0)

(v1 áB 0) = 0

B 1 áB 0 ! B0B1 cos! B 0B 1 = 0

cos! B 0B 1 = 90!

(11-13)



(shear) Alfven dispersion relation
• Multiply eq (11-9) by 𝜔  and substitute for v1 from eq (11-8), 

• Expanding inner triple vector product, 

• But                       from eq (11-13), 

• And                     from eq (11-10),

! 2B 1 =
1

µ0" 0
k ! { [(k ! B 1) ! B 0] ! B 0} (11-14)

(A ! B ) ! C = ( C áA )B " (C áB )A

(k ! B 1) ! B 0 = ( B 0 ák)B 1 " (B 0 áB 1)k

(B 0 áB 1) = 0

k ! { [(k ! B 1) ! B 0] ! B 0} = k ! { [(B 0 ák)B 1] ! B 0}

= ( k áB 0)[(B 0 ák)B 1] " (k á[(B 0 ák)B 1])B 0

= ( k áB 0)2B 1 " (k áB 1)(B 0 ák)B 0

(k áB 1) = 0

k ! { [(k ! B 1) ! B 0] ! B 0} = ( k áB 0)2B 1



(shear) Alfven dispersion relation (cont.)
• From eq (11-14), 

• Recall that                  and                                     , 

• Defining the Alfven speed, 

• Dispersion relation is

! 2B 1 =
(k áB 0)2

µ0" 0
B 1

! 2 =
(k áB 0)2

µ0" 0

B 0 = B0öz (k áöz) = kz = k cos! kB 0

(11-15)

! 2 =
(k áöz)2B 2

0

µ0" 0
=

(k cos#kB 0 )2B 2
0

µ0" 0

v2
A =

B 2
0

µ0! 0

! 2 = ( k cos"kB 0 )2v2
A (11-16)



(Shear) Alfven phase and group speed
• Shear Alfven waves are anisotropic 

•               term in eq (11-15), the generalized dispersion relation 

• from eq. (11-16), Phase speed: 

• Group velocity: 

• From eq (11-16) 

• Differentiating:

(k áB 0)
!
k

= ± vA cos"kB 0 = vp

vg =
!"
! k

=
!

!"
! kx

,
!"
! ky

,
!"
! kz

"

! = ± vA k cos"kB 0

= ± vA kz

!"
! k

= ± vA öz = vg



(shear) Alfven wave

• Restoring force: B-field tension 
• Directionality: anisotropic

• Phase velocity: vAcos𝜃kB0  
• Group velocity: vA 



Torsional Alfven wave
• In cylindrically symmetric geometry with 

an axial field (Bz), there exist waves which 
posses only azimuthal component 

• Such wave as known as torsional Alfven 
wave 

• Torsional Alfven wave propagates with  
vp= vA along axial magnetic field



Compressional Alfven wave
• In shear Alfven wave, we assume incompressible (                   ). 

• If we consider compression (by magnetic pressure), we obtain another solution of Alfven 
wave. This is called compressional Alfven wave  

• Dispersion relation is 

• The phase velocity and group velocity is vp=vg=vA 

• Compressional Alfven wave is isotropic 

• If                      (perpendicular direction against B0) , v1 || k. So it is compression wave 

• If                  (parallel direction to B0), compressional wave is matched with shear Alfven 
wave  (not compressional)

! áv1 = 0

! = kvA

! kB 0 = " / 2

! kB 0 = 0



Compressional Alfven wave (cont.)

• Restoring force: B-field tension & magnetic pressure 
• Directionality: isotropic



Alfven wave

Double helix nebula in 
the galaxy (IR)

Alfven wave in solar corona 
(Hinode, Ca II H spectral line) 



Magnetoacoustic wave equation
• Ignore gravity (i.e., g = 0), consider compressible (gas pressure & magnetic pressure)  

- assume uniform equilibrium field distribution, 

• Linearized equations reduce to, 

• with resulting dispersion relation,

B 0 = B0öz

! 2v1

v2
A

= k2cos2(" kB 0 )v1 ! (k áv1)k cos(" kB 0 ) öB 0

+
!"

1 +
c2

s

v2
A

#
(k áv1) ! k cos(" kB 0 )( öB 0 áv1)

$
k

öB 0 ! B0/ B 0

! 4 ! ! 2k2(c2
s + v2

A ) + c2
sv2

A k4 cos2 "kB 0 = 0 (11-17)



Magnetoacoustic wave

! 2

k2 = v2
f =

(c2
s + v2

A ) +
!

(c2
s + v2

A )2 ! 4c2
sv2

A cos2(" kB 0 )

2

v2
s =

(c2
s + v2

A ) !
!

(c2
s + v2

A )2 ! 4c2
sv2

A cos2(! kB 0 )

2

• phase velocities:

wave mode Propagation Low-beta High-beta

Alfven Along B0 Magnetic tenson

Fast isotropic Magnetic pressure Gas pressure

Slow Roughly along B0 Gas pressure Magnetic tension



Magnetoacoustic wave phase and group velocity
For low-beta case (cs < vA)

phase velocity group velocity



Magnetoacoustic wave 
phase and group velocity 

(cont.)

low beta 
(cs < vA)

high beta 
(cs > vA)

• Low beta case: 

- Fast mode propagates at Alfven speed 

- Slow mode ~ 1D sound wave guided by 
field

• High beta case: 

- Fast mode behaves like sound wave 
(restoring force is magnetic pressure) 

- Slow mode propagates at Alfven speed



Wave summary
• Acoustic waves (sound wave) 

- particle motion along k direction (longitudinal) 

- phase and group speeds are cs in all directions (isotropic) 

• (Shear) Alfven waves 
- particle motion at right angles to k direction (transverse) 

- B perturbation at right angles to k direction (perpendicular) 

- phase speed varies as vAcos 𝜃kB0 (anisotropic) 

- group speed is vA along B direction (anisotropic) 

• Magnetoacoustic waves 
- Alfven – as above 

- Fast – gas and B pressure in phase, also isotropic 

- Slow – gas and B pressure out of phase, also anisotropic



MHD shock
• Consider simple case of a 1D steady shock 
• We will work in a frame where shock is stationary (shock fame) 
• x-axis will be a aligned with the shock normal, so plane of 

shock is parallel to yz-plane 
• The jump across the any quantities of X can be expressed 

using following notation: 

• MHD jump relation is given us a set of  conservation equations 
•                                    (Q: conserved quantities, F: flux) 
• If shock is steady (               ) and 1D (                                    ), 
• Which is implies that                                

Shock frame
Shocked gas 
(downstream)

Unshocked gas 
(upstream)

B2 B1

𝜌2, p2 𝜌1, p1

v1v2

ön

öz

öx
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Conservation form of ideal MHD equations
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mass conservation

momentum conservation

energy 
conservation

induction equation

ideal equation of state

(11a-1)

(11a-2)

(11a-3)

(11a.4)

(11a-5)
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MHD shock jump relation
•For MHD, from mass conservation (continuity) equation (eq 11a-1) 

• Which leads to jump condition for shock: 
• From momentum conservation equation (eq 11a-2), we consider two jump conditions. 

• Firstly, the conservation of momentum normal to shock surface 

• Transverse momentum also has to balance,  

• Where the t subscript indicates transverse component to the shock. This reflects tangential 
stresses related to bend or kink of B-field

d(! vx )/dx = 0

[! vx ] = 0

!
! v2

x + p +
B 2

2µ0
!

B 2
x

µ0

"
= 0

!
! vxvt !

Bx

µ0
Bt

"
= 0



MHD shock jump relation (cont.)
•The shock jump condition from energy conservation (eq.11a-3) is 

•From                  , the normal component of magnetic field is continuous (Bx=const) 

•From magnetic flux conservation (eq 11a-4),
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MHD Rankine-Hugoniot (jump) relation

[! vx ] = 0
!
! v2

x + p +
B 2

2µ0
!

B 2
x

µ0

"
= 0

!
! vxvt !

Bx

µ0
Bt

"
= 0

[Bx ] = 0

[vxBt ! Bxvt ] = 0

(11a-6)
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Possible type of MHD shock
•Shock wave,              : Flow crosses surface of discontinuity accompanied by compression 
and dissipation

vn != 0

Parallel Shock Magnetic field unchanged by shock (hydrodynamic shock)

Perpendicular 
Shock

Plasma pressure and field strength increases at shock

Oblique Shock

Fast Shock Plasma pressure and field strength increases at shock, magnetic field bend away 
from normal.

Slow Shock Plasma pressure increases and field strength decreases at shock, magnetic field 
bend towards normal

Intermediate 
Shock

Only shock-like in anisotropic plasma (magnetic field rotate of 180O in plane of 
shock, density jump)

Bt = 0

Bn = 0

Bt != 0 , Bn != 0



Possible type of discontinuity

Contact 
discontinuity

Density jump arbitrary, but other quantities are 
continuous

Tangential 
discontinuity

Plasma pressure and field change maintaining static 
pressure balance (total pressure is constant)  

Rotational 
discontinuity

Form of intermediate shock in isotropic plasma, field 
and flow change direction but not magnitude

vn = 0 , Bn != 0

vn = 0 , Bn = 0

vn = Bn/
!

µ0!

Discontinuity



Perpendicular shock
Shock frame

post-shock 
(downstream)

pre-shock 
(upstream)

𝜌2, p2 𝜌1, p1

v1, B1v2, B2

•Consider perpendicular shock (Bn=0). In this case, the 
velocities of both the shock and plasma are perpendicular to 
the magnetic field 

•The jump relation (eq 11a-6) is 

•Here we define

! 1v1 = ! 2v2

! 1v2
1 + p1 + B 2

1/ (2µ0) = ! 2v2
2 + p2 + B 2

2/ (2µ0)
!

1
2

! 1v2
1 +

"
" ! 1

p1 +
B 2

1

µ0

"
v1 =

!
1
2

! 2v2
2 +

"
" ! 1

p2 +
B 2

2

µ0

"
v2

B1v1 = B2v2

! 2

! 1
=

v1

v2
=

B2

B1
! X,

p2

p1
! Y, M1 !

v1

cs1
, " 1 !

2µ0p1

B 2
1

!
2c2

s1

#v2
A1

(11a-7)
(11a-8)

(11a-9)

(11a-10)



Perpendicular shock (cont.)
•From eq (11a-8), 

•From eq (11a-9), 

•Combine both eq (11a-11) and eq(11a-12) 

•X=1 does not make a shock (not our solution). So

Y = 1 + ! ! 1
1 (1 ! X 2) + " M 2

1 (1 ! X ! 1)

Y =
2(! ! 1)

!" 1
X (1 ! X ) + X +

! ! 1
2

M 2
1 (X !

1
X

)

(X ! 1)
!

!
2(! ! 1)

!" 1
X 2 + X +

! ! 1
2

M 2
1 (X + 1) +

1
" 1

X (X + 1) ! ! M 2
1

"
= 0

f (x) =
!

!
2(! ! 1)

!" 1
X 2 + X +

! ! 1
2

M 2
1 (X + 1) +

1
" 1

X (X + 1) ! ! M 2
1

"

= 2(2 ! ! )X 2 + ! { 2" 1 + ( ! ! 1)" 1M 2
1 + 2 } X ! ! (! + 1) " 1M 2

1 = 0

(11a-11)

(11a-12)



Perpendicular shock (cont.)
•We need to find the positive solution of f(x)

•The fact that 1 < 𝛾 < 2 implies that this equation has just one positive root (a quadratic 
function with a single minimum)

•The solution reduces to the hydrodynamic value in the limit of large 𝛽 1

•The effect of magnetic field is to reduce X below its hydrodynamic value, since the flow 
kinetic energy can be converted into magnetic energy as well as heat

•If X=1, f(1) < 0 !  When X >1, we get a solution of f(X) = 0

f (1) = 4 ! 2!" 1M 2
1 + 2 !" 1 < 0 " M 2

1 > 1 +
2

!" 1



Perpendicular shock (cont.)
•In terms of sound and Alfven speeds, 

•The shock speed (v1) must exceed the fast magnetosonic speed  
 ahead of the shock 

•Strong shock limit (M1 >> 1), 

•For 𝛾=5/3 case,

v2
1 > c 2

s1 + v2
A1

(c2
s1 + v2

A1)1/ 2

X =
! + 1
! ! 1

=
" 2

" 1
=

B2

B1

! 2

! 1
=

B2

B1
= 4



Oblique shock
Shock frame

post-shock 
(downstream)

pre-shock 
(upstream)

𝜌2, p2

𝜌1, p1

v1, B1

v2, B2
𝜃

ön
öx

<latexit sha1_base64="nSXrra8EIhq4oe9Ke9WorAOVtbU="></latexit>

öy

•In this case, the magnetic field contains components both 
parallel and normal to the shock front 

•Assume the velocity and magnetic field vectors lie in the xy 
plane



Oblique shock (cont.)
•The jump relation (from eq 11a-6) is
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Oblique shock (cont.)
•An analysis of the jump relations can be considerably simplified by choosing axis moving 
along the y-axis parallel to the shock front at such a speed that 

•In this frame of reference both sides of eq (11a-18) vanish, and plasma velocity becomes 
parallel to the magnetic field on both sides of the shock front (v || B) (v x B =0). 

•Using eq (11a-13), (11a-17), (11a-19), we define as

v1y = v1x
B1y

B1x

!
v2y = v2x

B2y
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"

(11a-19)
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Oblique shock (cont.)
•From eq (11a-15) and (11a-19), 

•Here we consider the frame which plasma velocity becomes parallel to the magnetic field. 
So 

•From eq (11a-20) and (11a-21), 

•From eq (11a-16), (11a-19) and (11a-20), 
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=
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Oblique shock (cont.)
•Using eq (11a-20) and (11a-22), 

•Where 𝜃 is inclination of upstream magnetic field to the shock normal such that v1x = v1 cos𝜃 

•Based on eq (11a-23), we can drive the equation related X (need long calculation)
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Oblique shock (cont.)

fast shockslow shock intermediate shock

B1B2B1B2B1B2

•Three solutions of eq (11a-24), slow shock, intermediate (Alfven) shock and fast shock 
•In the limit as X → 1 (no compression), reduce to three waves

•                 for Alfven wave
•                                                               for the propagation speeds of slow and fast 
magnetosonic waves

v2
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A1

v4
1x ! (c2

s1 + v2
A1)v2

1x + c2
s1v2

A1 cos2 ! = 0



Slow and Fast shocks
•Consider first, the slow and fast shocks. 

•They are compressive, with X > 1, which implies that p2 > p1 

•From X >1, 

•When                                  , this equation implies that B2y/B1y < 1, called a slow shock. 

•Magnetic field is refracted towards the shock normal and its strength decreases as the 
shock front passes by 

•When                                  , this equation implies that B2y/B1y > 1, called a fast shock. 

•Magnetic field is refracted away from the shock normal and its strength increases as the 
shock front passes by
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Slow and Fast shocks
•Evolutionary condition: shock speed (v1x) relative to unshocked plasma must exceed the 
characteristic wave speed (slow magnetosonic wave speed in the case of slow shock, fast 
magnetosonic wave speed in the case of fast shock) 

•The effect of shock is to slow down the flow in x-direction (v2x < v1x) 

•The flow in y-direction is slowed down for a slow shock (v2y < v1y) but speeded up for a fast 
shock (v2y > v1y) 

•In the limit Bx → 0, field becomes purely tangential, fast shock becomes a perpendicular 
shock. 

•Slow shock reduces to a tangential discontinuity, for which both flow velocity and B-field 
are tangential to plane of discontinuity since v1x=v2x=B1x=B2x=0.



Slow and Fast shocks (cont.)
•The tangential discontinuity (v1x=v2x=B1x=B2x=0) is a boundary between two distinct 
plasmas, at which the jumps in the tangential components of velocity (vy) and B-field (By) 
are arbitrary. 

•Subject only to the condition, 

•That total pressure is continuous 
•Consider the case: 
•Magnetic field lines cross the boundary but there is no flow across it 
•One trivial solution: velocity, magnetic field and pressure is continuous but density 
(temperature) may be discontinuous (p2=p1). 

•This is known as a contact (entropy) discontinuity

p1 +
B 2
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B 2
2
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Intermediate shock
•When the wave-front propagates at the Alfven speed in the unshocked plasma, v1=vA1,  
one solution of eq (11a-24) is X=1 (another solution is fast & slow shocks). 

•From eq (11a-18) and (11a-19), 

•From eq (11a-12) and (11a-16), 

•Thus, in addition to the trivial solution B2=B1, we have  
 
 
 
for an intermediate (or transverse) wave (or rotational discontinuity for no density change)

v2y/v 1y = B2y/B 1y

p2 = p1, B 2
2y = B 2

1y

B2y = ! B1y, B2x = B1x ,

v2y = ! v1y, v2x = v1x ,



Intermediate shock (cont.)
•The tangential magnetic field component is reversed by the wave, and within the wave 
front magnetic field simply rotates out of the plane maintaining a constant magnitude 

•This is just a finite-amplitude Alfven wave 

•No change in pressure !  not shock



MHD shock tube problem
•Brio & Wu MHD shock tube test (1D) 

•Presence of magnetic field, shock structure becomes much complicated 

•Initial condition
• rL=1, pL=1, vL=0, ByL=-1, BzL=0 
•rR=0.125, pR=0.1, vR=0, ByR=1, BzR=0 with Bx=0.75 and 𝛾=2

•Results 
•7 characteristic velocities 
•v ± vf (fast shock/rarefaction) 
•v ± vA (rot discont.) 
•v ± cs (slow shock/rarefaction) 
•v (entropy wave)



MHD shock tube 
problem (cont.)

density

vx

vy

By pressure

Regular solution: SS 
Non-regular solution: IS + SR 
(Takahashi & Yamada 2013)

IS
SR



Astrophysical shock
•Shock waves are common in astrophysical environments

•Bow (termination shock) shock of solar system (interaction between solar wind and 
interstellar medium)

•Supernova remnants (blast wave) 
•Shock traveling through a massive star as it explodes in core collapse supernova 
•Shock in insterstellar medium, caused by the collision between molecular clouds or by a 
gravitational collapse of clouds 

•Accretion shock in cluster of galaxies 
•Gamma-ray bursts (relativistic blast wave) 
•Shocks in astronomical jets 
•Termination shock in pulsar wind nebulae 

•Shock is related particle accelerations (Fermi acceleration)


