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What make plasma waves”?

Plasma properties | |
* —luld equations

e gas-like  ' - mass continuity

- equation of motion
- energy equation

» charge \ - (ideal) equation of state
* Magneti

c field —_— . .
e Electromagnetic equations

- Maxwell's equations
- Induction eguation
- Ohm’s law




-luld equation

continuity equation:

equation of motion
(+ gravity):

equation of state:

pressure equation:

op

ov

o Fp(v-V)v=—-Vp+J X B+ pg
R+

p=—p1
u

op
(v V)p=—pV v




=lectromagnetic equation

Ampere’s law: V x B = ugJ

Solenoidal constraint: V-B =0

-araday’s law: oB — _V x E

ot

Gauss’s law: V. E = Pe

€0

Ohmslaw: J =0¢(F + v x B)

Induction equation: %_]tg =V X (v x B)




Wave assumption

* \Wave amplitudes are small = allows for linearization ot MHD equations

» Basic state Is a static equilibrium

Equation of motion: 0= —Vpg+ Jg X Bg + pog (A)

Solenoidal constraint: V- By =0 (B)

R

—quation of state: po = EPOTO (C)

e Quantities Xo and Xo are the initial equilibrium state

 Not necessary to static




Wave perturpations

e After wave Initiation,

B = By+ Bi(r,t)

v = wvg+v(r,t)
p = po+pi(rt)
p = po+pi(r,t)

1" = 1y —I—Tl(T,t)

- X and X are perturbed guantities

- X1 and Xi are applied perturbation (« Xo and Xo quantities)
e Static initial condition:

-vo=0, v=wi(r, 1)

- Initial quantities are time independent




MHD linearlisation

» Put perturbed quantities into MHD equations and neglect products of small terms (i.e.,
X1 Y

o Continuity equation:

dpo
e But with apt = 0 and dropping XiYi terms,

dp1
ot

V- (pov1) =0




MHD linearlisation (cont.)

e Equation of motion: Ay
P Fp(v-V)v=—-Vp+J X B+ pg

I - p/ 00 (1—FTTT + p1 (0107 =

—Vpo—Vp1+Jog X Bg+Jgx By +J1 x Byg+ J1 X Br=+ pog + p19

* Neglecting X1Y1 terms and substituting for J,

0v1 V x B V x B
= ,OOE — —Vp1 | L XBl | 1 ><B()-|-,019 | (M)

Ho Ho

e But —Vpo+ Jo X By + pog =




MHD linearlisation (cont.)

(Z,ZZ F(v-V)p=—pV v

_ Opg , Op1 |
= —Z+ -+ (v VIpo+ (0P = —poV - v1 — e

e But 9o _ 0 and dropping X1Y1 terms,

* Pressure equation:

ot
o |
,—21+(V1 al )po=""po! avi
. . | B
* Induction equation: ——=1" (v" B)
B 1B, . ) )
o T (V1 Bo)+!/M)
' B

e But °=0 ang dropping X1Y: terms,

11

B 1

—1=1" (V1" Bo)




MHD linearlisation (cont.)

 |deal equation of state: 0 = %!T

R .
e But po = H!OTO and dropping X1Y1 terms,

R R
P1= —I1Tg+ —IgTy
T T

e Solenoidal constraints: 1 4B =0

= '/é:B/o'F! aB1=0
e Butwith! aBo=0

| é.Ble




Summary of linealised equation

+ ! a("ogv1) =0 (11-1)

| '# B '# B

oy =t Pt S# B+ “# Bo+ "10 (11-2)
1 Ho Ho

+(via )po=" #po! avi (11-3)

=1# (v1# Bg) (11-4)

R R
pr= —"1To+ —"oT1 (115

v v
! éBle (11-6)




Simple wave solution

* Looking for plane waves of form

U = Cuei(kér! | t)

o With angular frequency ! , wave vector k=(kx, ky, kz) with position vector r=(x,y,z). Note
k=2" /#
Kar = kyX + Kyy + K;Z
k &k = k; + k{ + k3
o Useful solutions for Fourier analysis since,
I | 2 | | 2

'_|" (! S T n 2 '_lll - " [ 2
Tt !t2! X Kx | x2 X

1"k I a"  IkK: "#  1K"




Waves in magnetic field

* There are two type of propagating waves in magnetic field
* Because magnetic field has two forces, magnetic tension and magnetic pressure

* Both forces are coming J x B force




Alfven wave eguations

* |gnore pressure and gravity (i.e., po=g=0)
- From equilibrium (A), 0= pug(Jo! Bo)=("! Bg)! Bo

- Assume no pressure variations, P1=11=0

- Assume uniform equilibrium field distribution, B g = BoE

e Linearized equations reduce to:

(13-1) lav,=0 " 1I1(kavqy)=0 (11-7)
(] | ||| . ]
(13-2) !o ,,Vl = $ B1) . Bo # 1#! vy = (k" B4). Bo (11-8)
L Ho Ho
(13-4) !,Btl = 1" (vi" Bo) #3 1"B1=1k" (v1" By) (11-9)

(13-6) I 8B1 " ikdB1=0 (11-10)




(shear) Alfven wave properties

e Fromeq (11-1), ! av1 =0

* nO divergent/convergent motions (incompressible)

« Fromeq (11-7), k &vy! kvicos!y, =0 =|!}, =90

* vi at right angles to k (transverse)

e Taking scalar product with By,

(k" B1),

Ho
= V1 éB()! v1B g cos! V1B =0

.FrOmGQ(11'8)= I 1" gvp1aB g = BopaBp=0 (! aBp=0)

=|ly,8 =907 | (11-11)

 y; at right angles to By (perpendicular)




(shear) Alfven wave properties (cont.)

 Expand eq (11-9) using standard vector identity,
1By = k" (V1" Bo)
(kaBg)vy! (kavy)Bog
e But (kavy) =0 fromeqg(11-7),
1 IBi=(ka&BgVv: (11-12)
e Taking scalar product with By,
1 1B1aB g =(k &Bo)(v1 4B o)

e But(viaBo)=0 fromeqg (11-11),
BléB()! BOBlCOS!Bogl =0 (11'13)

cos! BoB; = 90

* B at right angles to By (perpendicular)




(shear) Alfven dispersion relation

 Multiply eg (11-9) by ! and substitute for vi from eq (11-8),

| °B ; = 1 k! {[(k! B1)! Bg]! Bo} (11-14)
Mo 0

* Expanding inner triple vector product,
(A! B)! C=(C&A)B " (C &B)A
(k! B1)! Bo=(Boak)B1" (BoaB )k
e But (BoaB 1) =0 fromeq (11-13),

k1T {l(k! B1)! Bo]! Bo}

k! {[(Boak)Bi]! Bo}
(kaBo)[(Boak)B1]" (ka[(Boak)B1])Bo
(kaB)°B1" (k & 1)(Boak)B g

e And (kaB 1) =0 fromeqg (11-10),

k! {[(k! B1)! Bg]! Bo} =(kaBo)°B1




(shear) Alfven dispersion relation (cont.)

2 2
* Fromeq (11-14), 12B; = (K a'?O) B,
Ho o
k 4B ()?
22 | Li),,;’) (11-15)

e Recallthat Bo = Bop and (k av) = k; = kcos! kg,

, (kap)°Bs  (kcostg,)°B2

!
Ho o Ho" o

* Defining the Altven speed, B2

» Dispersion relationis |12 = (kcos"kg,)?va | (11-16)




(Shear) Alfven phase and group speeo

e Shear Alfven waves are anisotropic

e (k @B o) termin eq (11-15), the generalized dispersion relation

* from eq. (11-16), Phase speed: E = £Vp COS"kg, = Vp
N L L

* Group velocity: Y97 Tk T Tk Tk Tk

e Fromeqg (11-16) ! = zxvakcos'yg,

T
1k

* Ditferentiating: = *VaAD = Vy




(shear) Altven wave

* Restoring -

e Directiona

‘orce: B-fi

eld tension

ty: aniso

ropic

e Phase velocity: vacos$kso
e Group velocity: va




Torsional Alfven wave

* |In cylindrically symmetric geometry with
an axial field (B.), there exist waves which
posses only azimuthal component

e Such wave as known as torsional Alfven
wave

» Torsional Alfven wave propagates with
Vo= Va along axial magnetic field

f—



Compressional Alfven wave

* In shear Alfven wave, we assume incompressible (! avi =0 ).

* |[f we consider compression (by magnetic pressure), we obtain another solution of Altven
wave. This is called compressional Alfven wave

* Dispersion relationis | ! = kva

* [he phase velocity and group velocity IS vp=ve=va
o Compressional Alfven wave Is isotropic
o If kg, = "/2 (perpendicular direction against Bo) , vi || k. SO it is compression wave

o If kg, =0 (parallel direction to By), compressional wave is matched with shear Alfven
wave (not compressional)




Compressional Alfven wave (cont.)

compressional

» Restoring force: B-field tension & magnetic pressure
e Directionality: I1sotropic




Alfven wave

Alfven wave In solar corona

Double helix nebula in (Hinode, Ca Il H spectral line)
the galaxy (IR)




Magnetoacoustic wave eguation

* |gnore gravity (i.e., g =0), consider compressible (gas pressure & magnetic pressure)
- assume uniform equilibrium field distribution, B g = Bob

* Linearized equations reduce to,

! 2V1 2 " , : - ..
V2 K COSZ( kBo)Vl | (k aV]_)kCOS( kBo)B)O B)() I B()/ Bo
A S $
+ 1+ V—g (k &v1) ! kcos('ks,)(B% avi) k
A

* With resulting dispersion relation,

L TEK3(cs + VA) + VK cos kg, =0 | (11-17)




Magnetoacoustic wave

e phase velocities: .
12 (BHVR)+ (B V3)2! 4cvE cod("ka,)
P 2
, (GS+ V)l (cE+ vR)?! 4civg cog(!ke,)
Vs = >

wave mode Propagation Low-beta High-beta

Alfven Along Bo

Magnetic tenson

Fast ISotropic Magnetic pressure (Gas pressure

Slow Roughly along Bo (Gas pressure Magnetic tension




Vlagnetoacoustic wave phase and group velocity

For low-beta case (cs < va)

ohase velocity group velocity




VMagnetoacoustic wave

ohase and group velocity
(cont.)

e | OW beta case:

- Fast mode propagates at Alfven speed

- Slow mode ~ 1D sound wave guided by
field

* High beta case:

- Fast mode behaves like sound wave
(restoring force is magnetic pressure)

- Slow mode propagates at Alfven speed

N
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Wave summary

* Acoustic waves (sound wave)
- particle motion along & direction (longitudinal)

- phase and group speeds are c¢s in all directions (isotropic)

* (Shear) Alfven waves
- particle motion at right angles to & direction (transverse)
- B perturbation at right angles to k£ direction (perpendicular)

- phase speed varies as vacos $kso (anisotropic)

- group speed is va along B direction (anisotropic)

* Magnetoacoustic waves
- Alfven — as above
- Fast — gas and B pressure in phase, also isotropic

- Slow — gas and B pressure out of phase, also anisotropic




MHD shock

e Consider simple case of a 1

* We will work in a frame where shock is stationary (shock fame)

» x-axis will be a aligned with the shock normal, so plane of

shock Is parallel to yz-plane

* The jJump across the any quantities of X can be expressed

using following notation:

D steady shock

X=X, ! Xg=X1! Xo

 MHD jump relation is given us a set of conservation equations

e 1Q/!Tt+! &F =0 (Q: conserved quantities, F: tlux)
o [f shockissteady ((/!t! O )and 1D (!/ty! O, I'/Tz! O ) dFs/dx =0

* \Which Is implies that
(F1!

F,)ao=0 = [F,]=0

Shock frame

Shocked gas Unshocked gas
(downstream) (upstream)

B> B
\ ~
%, p2 %, pi
\ — B
V2 Vi
5 ]

B




Conservation form of ideal MHD equations

!II i
—+ 1 a("v)=0 (11a-1) mass conservation

I 1
o , B2 BB .
—("v)+ ! a"w+ p+ — [|" =0 (11a-2) momentum conservation
1 2H0 Ho
1, ., P B~ 1, > # B~ ., .B
— Vo H + — +" a Z"vo+ p+ — v!I (vaB)— =0 (11a-3)
't 2 #1 1 2 |

Ho 2 #1110 Ho Ho cnerqy
| B ) conservation
TS + 1 a(vB " Bv)=0 (11a.4) induction equation

' aB =0

p=(!! 1)"E (11a-5) ideal equation of state




MHD shock jump relation

*For MHD, from mass conservation (continuity) equation (eq 11a-1)
d(! vk)/dx =0

e Which leads to jump condition for shock: | [! Vx] =0

* From momentum conservation equation (eg 11a-2), we consider two jump conditions.

e Firstly, the conservation of momentum normal to shock surface
2 2
!v§+p+-E—! 5% -9

2U0 Mo
* [ransverse momentum also has to balance,

B

vy ! —B¢ =0
Ho

* Where the ¢ subscript indicates transverse component to the shock. This reflects tangential
stresses related to bend or kink of B-field




MHD shock jump relation (cont.)

* [he shock jump condition from energy conservation (eqg.11a-3) is

1 B2" B,
212 + + — v, (VAB)==2 =0

eF-rom ! aB =0 , the normal component of magnetic field is continuous (Bx=const)

[Bx] =0

*From magnetic flux conservation (eq 11a-4),




MHD Rankine-Hugoniot (jump) relation

Tve] =0
B4 B?
v+ p+ — 1 —X =0
T P 2U0 Mo
AVAVAS gBt =0
Lo (11a-6)
1 " B2" By
Z1v2 + + — v ! (vAaB)—= =0
A LT T
Bx] =0




Possible type of MHD shock

*Shock wave, Vn £ 0 : Flow crosses surface of discontinuity accompanied by compression
and dissipation

Parallel Shock B, =0 Magnetic field unchanged by shock (hydrodynamic shock)

Perpendicular
Shock

Obligue Shock B: £E0, B, EO

B, =0 Plasma pressure and field strength increases at shock

Plasma pressure and field strength increases at shock, magnetic field bend away
from normal.

Plasma pressure increases and field strength decreases at shock, magnetic field
bend towards normal

Intermediate  Only shock-like in anisotropic plasma (magnetic field rotate of 180° in plane of
Shock shock, density jump)

Fast Shock

Slow Shock




Possible type of discontinuity

Discontinuity

Contact

Tangen

disconti

nuity

tial
discontl

nuity

Rotational
discontinuity

vo =0, B, EO

vo =0, B, =0

continuous

Plasma pressure anc

O

Density jJump arbitrary, but other quantities are

field change maintaining static

ressure balance (total pressure is constant)

Form of intermediate shock in isotropic plasma, field
and flow change direction but not magnitude




Perpendicular shock

e Consider perpendicular shock (Ba=0). In this case, the
ocities of both the shock and pl dicular t Shock frame
velocities of bo e shock and plasma are perpendicular to host-shock Sre-shock

the magnetic field (downstream) (upstream)

e The jump relation (eq 11a-6) Is

'1V1 = 1 92V> (11a-7) %, p2 %, pi1
| 1V% + P+ B%/ (21p) = ! 2V§ + P + B%/ (21p) (11a-8) V2, B2 V1, Bi

Bivi = Bavz  (11a-10)
eHere we define

o vi B> P2 Vi ., ZHoP1 2c5,
1 Vo2 Bi p1  GCs1 - BZ T #vg,




Perpendicular shock (cont.)

-rom eq (11a-8),
Y =1+ 111! X9+ "MFfQ! X' Y (11a-11)

-rom eq (11a-9),

Y = 2(!|,,! 1)X(l! X)+ X + - 1I\/|12(X! i) (11a-12)
] 2 X
eCombine both eqg (11a-11) and eqg(11a-12)
200 D, I 1 ,
(XP1) | ==X+ X+ =M (X + 1)+ qX(x +1) ! IMf =0
Pl

e X=1 does not make a shock (not our solution). SO

(| 111 1
| (|-- )X 24 X + 5 MZ(X +1)+ —X(X +1)! IM?
1 1

= 22! X2+ {21+ D"ME+2IX T 1 +1)"ME=0

T(x) =




Perpendicular shock (cont.)

*\We need to find the positive solution of f(x)

e [he fact that 1 < &< 2 implies that this equation has just one positive root (a quadratic

function with a single minimum)

e [he solution reduces to the hydrodynamic value in the limit of large ' 1

* [he effect of magnetic field is to reduce X be
Kinetic energy can be converted into magnet

ow Its hydrodyr

IC energy as we

o|If X=1,A1)<0! When X>1, we get a solution of AX)=20

f(1)=4! 2" M7+2!" 1< 0" M{> 1+

2

1

amic va

| as heat

ue, since the flow




Perpendicular shock (cont.)

*|n terms of sound and Altven speeds,

. . .
Vi > Cgs1 1+ Vasr

The shock speed (vi) must exceed the fast magnetosonic speed (¢ + va,)Y 2
ahead of the shock

e Strong shock limit (M; >> 1),

!+1_"2_Bz

X =

1 "7 B

eor &5/3 case,




Obligue shock

*|n this case, the magnetic field contains components both
parallel and normal to the shock front

* Assume the velocity and magnetic field vectors lie in the xy
plane

Shock frame

post-shock ore-shock
(downstream) (upstream)
%, p2
$
V2, 132 %, p1
vi, B1 ¥




Obligue shock (cont.)

e [The jump relation (from eqg 11a-6) is
'1Vix = ! 2Vax (11a-13)
|1V, + 1+ BE/(2H0) ! BE, /Mo = !aV5, + P2+ B5/(2U0) ! B5, /Mo (11a-14)

l1vixViy ! BaxBay/Ho = Tovoxvay ! BoxBoy/pg (11a-15)

}'1V2 + " P1 T B—% Vix I (VixBix + ViyB1 )le =
2 BT T T A A TT: (11a-16)
1 " B2 B
Q! 2V§x T | 1p2 + —= Vox I (VaoxBox + VvoyBoy) =s
0 Mo

Bix = Bax (11a-17)

VixB1y ! ViyBix = voxBoy ! voyBox  (11a-18)




Obligue shock (cont.)

* An analysis of the jJump relations can be considerably simplified by choosing axis moving
along the y-axis parallel to the shock front at such a speed that

11a-19 Voy = V2
le ( ) g XBZX

Viy = Vix

*|n this frame of reference both sides of eqg (11a-18) vanish, and plasma velocity becomes
parallel to the magnetic field on both sides of the shock front (v || B) (v x B =0).

eUsing eq (11a-13), (11a-17), (11a-19), we define as

2 _ Vix X, P2 Y, BZy! 7. Voy

7
1 Vg p1 B1y Viy X

(14.20)




Obligue shock (cont.)

e-rom eqg (11a-15) and (11a-19),

_ (V%x! V,%\lx)x

/
2 | 2
le ' XVAlx

* Here we consider the frame which plasma velocity becomes parallel to the magnetic field.
SO

2 2
2 2

-rom eq (11a-20) and (11a-21),
V

2| 2
y = V1° Va1 (11a-22)

2 2
y Vil Xviag

Z = (11a-21) var! B/ (Mo!1)Y?

-rom eqg (11a-16), (11a-19) and (11a-20),

1), V5
Y = X + vi 1! 5 X (11a-23)
2(%1 V%




Obligue shock (cont.)

e Using eq (11a-20) and (11a-22),

2 1 2 Z°
V2X — V1CO§| ﬁ, V2y — V1C052| <, O

\Where $ is inclination of upstream magnetic field to the shock normal such that vix = vi cos$

eBased on eq (11a-23), we can drive the equation related X (need long calculation)

(v§! XvZ,)% Xci; + %vfcosz!{X("! 1)! (" +1)}
+%XVE\1v§sin2![{" + X (" 2IvEL Xva (" +1) ! X("! 1] =

(11a-24)




Obligue shock (cont.)

B> B B> B B> B

slow shock iINntermediate shock fast shock

e [hree solutions of eq (11a-24), slow shock, intermediate (Alfven) shock and fast shock

*|n the [Imit as X — 1 (no compression), reduce to three waves

e Vi = vi,; for Alfven wave

4 2 2 2 2 \,2 — '
° vi, ! (C5y+ yAl)le + c5,v4,cos | =0 for the propagation speeds of slow and fast
magnetosonic waves




Slow and Fast shocks

e Consider first, the slow and fast shocks.
* [hey are compressive, with X> 1, which implies that p> > p;

erom X >1,

2 2 2 2
2 2 2 2

e\When (Xvi,>)vi;>V$ | this equation implies that By/Biy < 1, called a slow shock.

* Magnetic field is refracted towards the shock normal and its strength decreases as the
shock front passes by

When vZ>Xv 4,(>vi;) ,this equation implies that B.,/Biy > 1, called a fast shock.

* Magnetic field is refracted away from the shock normal and its strength increases as the
shock front passes by




S|

OW and Fast shocks

e Evolutionary condition: shock speed (vix) relative to unshocked plasma must exceed the
characteristic wave speed (slow magnetosonic wave speed in the case of slow shock, fast

magnetosonic wave speed

INn the case of fast shock)

e [he effect of shock is to slow down the flow in x-direction (vax < vix)

* [he flow in y-direction is slowed down for a slow shock (v2y < viy) but speeded up for a fast

shock (vay > viy)

*|n the limit Bx — 0, field becomes purely tangential, fast shock becomes a perpendicular

shock.

e Slow shock reduces to a ta
are tangential to plane of d

ngential discontinuity, for which both tlow velocity and B-field

IScontl

D

U |ty S' nce V]X:VZX:BIX:Bzx:O .




Slow and Fast shocks (cont.)

e [he tangential discontinuity (vis=vax=Bi1x=B2x=0) 1S a boundary between two distinct
plasmas, at which the jumps in the tangential components of velocity (vy) and B-field (By)
are arbitrary.

e Subject only to the condition,

P1 + 1 P2 + B_§
2H0 2U0

e [hat total pressure Is continuous
eConsider the case: Bix = Box EO0, vix = Vo =0
* Magnetic field lines cross the boundary but there is no tlow across it

* One trivial solution: velocity, magnetic field and pressure is continuous but density
(temperature) may be discontinuous (p2=p1).

e [his is known as a contact (entropy) discontinuity




INntermediate shock

*\WVhen the wave-front propagates at the Altven speed in the unshocked plasma, vi=vai,
one solution of eq (11a-24) is X=1 (another solution Is fast & slow shocks).

eFrom eq (11a-18) and (11a-19), vay/V 1y = Boy/B 1y

From eqg (11a-12) and (11a-16), P2 = P1, B%y - B%y

e Thus, In addition to the trivial solution B>=B;, we have
Boy = ! By, Box = Bax,

Voy = ! Vi1y, Vox = Vix,
for an intermediate (or transverse) wave (or rotational discontinuity for no density change)




Intermediate shock (cont.)

* [he tangential magnetic field component is reversed by the wave, and within the wave
front magnetic field simply rotates out of the plane maintaining a constant magnitude

e [his Is just a finite-amplitude Alfven wave

*No change in pressure ! not shock




MHD shock tube problem

3ri0 & Wu MH

D shock tube test (1

D)

Presence of magnetic field, shock structure becomes much complicated

e |nitial condition

*r.=1, pL=1, vi=0, Byr=-1, B;1.=0
'rR:O.IZS,pR:O.l, VR:O, Bszl, Br=0 with Bx=0.75 and &2

Results

e/ characteristic velocities

*v £ vr (fast shock/rarefaction)

*y + va (rot discont.)

*y £ ¢s (Slow shock/raretaction)

*y (entropy wave)

slow wave

rotation

fast wave

f

!
S |

I
!
!
!
!
!
!
|
!
!
!
i

contact
discontinuity

slow wave

rotation

fast wave
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MHD shock tube
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Regular solution: SS
Non-regular solution: IS + SR
(Takahashi & Yamada 2013)
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Astropnysical snock

e Shock waves are common In astrophysical environments

* Bow (termination shock) shock of solar system (interaction between solar wind and
interstellar medium)

e Supernova remnants (blast wave)
e Shock traveling through a massive star as it explodes in core collapse supernova

e Shock In insterstellar medium, caused by the collision between molecular clouds or by a
gravitational collapse of clouds

* Accretion shock in cluster of galaxies

e Gamma-ray bursts (relativistic blast wave)
e Shocks In astronomical |ets

* [ermination shock in pulsar wind nebulae

e Shock Is related particle accelerations (Fermi acceleration)




