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Introduction
• Thus far, we have been assuming that changes in the momentum of a fluid element are 
due entirely to pressure forces (acting normal to the surface of the element) or gravity 
(acting on the bulk)


• This assumption is justified in the limit 𝜆 → 0, i.e. the particles composing the fluid have 
vanishingly small collisional mean-free-path


• For finite-𝜆, momentum can diffuse through the fluid


• This brings us to a discussion of viscosity



Basics of viscosity
• In a viscous flow, momentum can be transferred if there are velocity differences between 
fluid elements


• Continuity equation is unchanged


• But momentum equation need to be changed


• with


• As we’ll see later, 𝜎’ij is related to velocity gradient
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Basics of viscosity (cont.)
• The connection between viscous stress tensor and the microphysics (i.e., the mean-free-
path) is uncovered by considering a simple linear shear flow:


• Microphysically, thermal / random motion of particles can allow momentum to “diffuse” 
across streamlines.


• Becomes more important as gas gets less collisional



Basics of viscosity (cont.)
• Let’s analyse the microscopic behaviour: assume the typical thermal velocity in j-direction 
is vj.


• So the momentum flux associated with this is


• Typical thermal velocity is


• So, flux of i-th component of momentum in the upward j-th direction is


• For the element on the other side of surface in the j-th direction, the corresponding 
momentum flux across surface is   
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Basics of viscosity (cont.)
• where      is i-velocity of that element. 


• For j-separation of 𝛿l we have


• So,


• The relevant scale 𝛿l is the mean-free-path


• where 𝜎 is the collision cross section of the particles  
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Basics of viscosity (cont.)
• If we treat the particles as hard sphere of radius a (decent approximation of neutral gas),


• So,


• Putting this into momentum equation:


• A rigorous derivation shows that, for this hard-sphere model,  
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Basics of viscosity (cont.)
• Observations about the shear viscosity:


-  𝜂 is independent of density (a denser gas has more particles to transport the 
momentum but the mean-free-path is shorter)


-  𝜂 increases with T


- Isothermal system has 𝜂 = const.


• For a fully ionised plasma (e.g., the ICM), the mean-free-path is set by Coulomb collisions


• Thus the viscosity has a stronger temperature dependence than found for hard-sphere 
collision
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Navier-Stokes equation
• The most general form of 𝜎’ij which is


- Galilean invariant (law of motion are same in all inertial frames of reference)


- Linear in velocity components


- Isotropic


• is given by


• with 𝜂 and 𝜍 independent of velocity.


• This is symmetric tensor which ensures that there are no unbalanced torques on fluid 
elements 
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Navier-Stokes equation (cont.)
• The term associated with 𝜂 relates to momentum transfer in shear flows (this term has zero 
trace)


• The term associated with 𝜍 relates to momentum transfer due to bulk compression  
(                     )


• Putting this into the momentum equation gives
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Navier-Stokes equation (cont.)
• which we can combine with continuity equation to give


• This is general form of the Navier-Stokes equation


• Outside of shocks (𝜍 ≈ 0) and for isothermal fluid (𝜂 = const.) we have
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Vorticity in viscous flow
• Start with the Navier-Stokes equation with 𝜍 = 0 and 𝜂 = const.


• Take the curl of this, definition of vorticity:


• To tide up LHS, use the vector identity and definition of vorticity:


• To tide up RHS, assume a barotropic fluid, p = p(𝜌) :
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Vorticity in viscous flow
• Putting pieces together, we get


• where in the last step, we have ignored gradients of               (so strictly assumed uniform 
density)


• So, vorticity is carried with flow but also diffuses through flow due to action of vorticity  
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Energy dissipation in incompressible viscous flows
• Viscosity leads to dissipation of kinetic energy into heat - an irreversible process


• Let’s analyse this in the case of an incompressible flow so that we don’t need to about  
pdV work


• Then the total kinetic energy is


• Let’s consider the rate of change of Ekin with time
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Energy dissipation in incompressible viscous flows (cont.)
• Look at first term of RHS:


• where last term is zero due to incompressible assumption,


• Also note that
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Energy dissipation in incompressible viscous flows (cont.)
• So,


• Integrating over the volume
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Energy dissipation in incompressible viscous flows (cont.)
• Let’s take the volume V to be the whole fluid so that the surface integral is zero (e.g., v at 
bounding surface = 0, or v at ∞ = 0)


• Then


• But                                    for an incompressible fluid. So,


• We see that 𝜂 needs to be positive in order for us to obey the 2nd law of thermodynamics
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Viscous flow through a pile
• Now consider flow through a long pipe with a constant circular cross-section


• Assume:


- Steady flow with vR = v𝜙 = 0, vz ≠ 0


- Incompressible, uniform density fluid


- Neglect gravity



Viscous flow through a pile (cont.)
• Navier-Stokes equation reads


• By symmetry we have


• For the z-component
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Viscous flow through a pile (cont.)
•Integrating gives


• where a and b are constants. Apply boundary condition:


- At R=0, v finite ⇒ a = 0


- At R=R0, v = 0 (no slip B.C. at wall)


• So velocity profile is parabolic
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Viscous flow through a pile (cont.)
• The mass flux passing through an annular element              is


• So, the total mass flow rate is


• As 𝜂 → 0, i.e., 𝜈 → 0, the flow rate → ∞ (or, in other words, an inviscid flow can’t be in 
steady state in this pipe if there is non-zero pressure gradient)


• If 𝛥p increases sufficiently, it becomes unstable and irregular, giving turbulent motions 
above critical speed
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Viscous flow through a pile (cont.)
• The actual transition to turbulence is usually phrased in therms of the Reynolds number


• where L and V are “characteristic” length and velocity scales of the system


• We have turbulence when
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Accretion disks
• Accretion disks are one of the most important applications of the N-S equation in  
astrophysics


• Consider some gas flowing towards some central object (star, planet, black hole ….)


• Almost always, the gas will have sufficient angular momentum about that object


• If gravitationally bound to the object, the gas will settle into a plane defined by the mean 
angular momentum vector


• Residual motions in other directions will be damped out on a free-fall timescale



Accretion disks (cont.)
• The gas will settle into circular orbits - the lowest energy configuration for a given angular 
momentum


• In the vertical direction (parallel to angular momentum vector) the system will come into 
hydrostatic equilibrium with internal vertical pressure gradient balancing the vertical 
component of gravity


• In the radial direction (along direction towards central object), the system will achieve a 
state where the centripetal force is supplied by gravity and the radial pressure gradient



Accretion disks (cont.)
• Very important special case is when the disk is “thin”, meaning that scale-hight in vertical 
direction h is much less than radius r


• Then, radial pressure gradients are negligible and we can just write


• where 𝛺 is the angular velocity of the flow around the central object


• This means that
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Accretion disks (cont.)
• Viscosity will allow angular momentum to be transferred from the fast moving inner regions 
to the more slowly moving outer regions.


• This means that the inner disk fluid elements lose angular momentum


• We have


• meaning that inner disk elements drift inwards


• Ultimately, most of the mass flows inwards; a small amount of the mass carries all of the 
angular momentum out to large radius
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Accretion disks (cont.)
• Let’s set up a simple model for a geometrically-thin accretion disk


• We assume


- Cylindrical polar coordinate (R,𝜙,z)


- Axisymmetric, 𝜕 /𝜕𝜙 = 0


- Hydrostatic equilibrium in z-direction, vz =0


- v𝜙 close to Keplerian velocity (i.e., thin disk)


- vR small and set by action of viscosity


- Bulk viscosity zero



Accretion disks (cont.)
• Continuity equation in cylindrical polars is 


• Define the surface density 𝛴 by


• Then, integrating above form of continuity equation over z we have
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Accretion disks (cont.)
• We can get the same result by thinking of the disk as a set of rings/annuli:



• Now we look at conservation of angular momentum


• Here we use the ring/annulus approach (but we could also start with the Navier-Stokes 
equation in cylindrical polars).

Accretion disks (cont.)
rate of change of mass 
in the annulus flux into annulus flux out of annulus= +
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Accretion disks (cont.)

• where


• and G(R) is torque exerted by disk outside of radius R on the disk inside of radius R

rate of change of 
ang. mtm.

ang. mtm. of mass 
entering ring

ang. mtm. of mass 
leaving ring

net torque on ring 
(viscous, magnetic, etc)= - +
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Accretion disks (cont.)
• Now assume 𝜕v𝜙/𝜕t = 0 since gas is on Keplerian orbits. Then
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Accretion disks (cont.)
•Substitute this into eq(8-1) and specialise to the case of a Newtonian point source 
gravitational field                           gives


• So the surface density 𝛴(R,t) obeys a diffusion equation


• Note: (notes on accretion disk)


- In general, 𝜈=𝜈(R,𝛴) and so this is non-linear diffusion equation for 𝛴. It reduces to linear 
if 𝜈=𝜈(R)
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Accretion disks (cont.)
- Solution of this equation show that an initial ring of matter will broaden and then ”slump” 
inwards towards the central object



Accretion disks (cont.)
- Timescale for evolution is t𝜈 where


- If viscosity is due to particle thermal motions, typical values would suggest that  
Re ~ 1014.This means 


- There must be another source of effective viscosity: we now know that there is an 
effective viscosity due to MHD turbulence driven by the magnetorotational instability
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Steady-state, geometrically-thin disks  
• Consider a steady state such that 𝜕/𝜕t =0. Then


• where                           is the steady state mass accretion rate. Now recall that 


• where we have taken as a boundary condition that 𝜈𝛴 = 0 at R=R*
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Steady-state, geometrically-thin disks  (cont.)
• This amounts to saying that there are no viscous torques at R=R*


• Physically R* can be:


- Surface of accreting star


- Innermost circular orbit around a black hole


• Let’s now calculate the viscous dissipation neglecting pdV work and bulk viscosity


• Specifically, we will calculate the viscous dissipation per unit surface area of the disk:
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Steady-state, geometrically-thin disks  (cont.)
•  Combining with our previous result for 𝜈𝛴 and recalling that 𝛺2 = GM/R3, we have


• Notes on dissipation disk


-Total energy emitted is


-Here,                   is gravitational potential at R*. Therefore,                   is the rate of 
gravitational energy loss of flow.


-                    is radiated, other half stays in flow as kinetic energy and is dissipated in 
boundary layer on star, or carried into the black hole

<latexit sha1_base64="0UpO7VyRImADtsnGvFoSBRkcOdM="></latexit>

Fdiss =
3GM úm
4! R3

!

1 !

"
R!

R

#

<latexit sha1_base64="dSUj26qH5sSPBnfkuIq70EYTifs="></latexit>

L =
! !

R !

Fdiss2! RdR =
GM úm
2R"

<latexit sha1_base64="Hag+WAHC7mhubtAECOGqpiVZdO8="></latexit>

! GM/R !
<latexit sha1_base64="UIxFye8tqJDcaBZLtluDEItonag="></latexit>

GM úm/R !

<latexit sha1_base64="Vb0iwDeaWGYaB9/Tz+RqnP7FFRE="></latexit>

GM úm/ 2R!



Steady-state, geometrically-thin disks  (cont.)
- At given location far from inner edge (R > R*) we have


- But an elementary estimate based on loss of gravitational potential energy would give


- The extra factor of “3” in the correct formula is due to the transport of energy though the 
disk by viscous torques 
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Radiation for steady state thin disks
• If disk is optically-thick, all radiation is thermalised and it radiates locally as a black body


• So, for 


• The radiation emitted at a frequency f  is
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Radiation for steady state thin disks (cont.)
• So, we see that all of the observables from a steady-state disk are independent of 
viscosity 𝜈 (provided it is large enough to provide enough angular momentum transport)


• In order to study / constrain, 𝜈, we need to study non-steady state.


