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Instapility

* Questions of stability & instability are important for many astrophysical phenomena.
- How a structure can remain stable for a long period
» Consider a particle motion in 1D

* Particle has a mass m and moves along x-axis under the action of conservative force

dW
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 Where W(x) is the potential energy. It is in equilibrium position at x=0 and its equation of

motion IS
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Instability (cont.)

e For small displacements, this reduces to the linear form
d*W
mi = Fj(z) = —=x ( T3 )O

* Where Fi(x) Is the first-order approximation to F(x).

» One approach is to seek normal-mode solutions of the form: x = xge™"

* The equation of motion gives




Instability (cont.)

o If W(x) has a minimum at the origin, (d2W/dx2)o> 0 = w? > 0,

* SO the particle oscillates about x =0

* The force tends to restore its equilibrium (stable)

o If W(x) has a maximum, (d2W/dx2)o<0 = w? <0

e the displacement increases from the equilibrium position (unstable)

 When (d2W/dx2)o= 0, it said to naturally stable




Instability (cont.)

* Here we refer to linear stability

e But If considering deviations are not small, it is possible to investigate the nonlinear stability of a
system

- Linearly stable but nonlinearly unstable (explosive)

- Linearly unstable but nonlinearly stable

e Metastability: naturally stable (d2W/dx2=0) to small-amplitude (linear) perturbation but unstable to
arge (finite-amplitude) one
- d3W/dx3=0 and d4W/dx4<0

* Transfer from stability to instability occurs via a state of marginal (or normal) stability
- w? 1S real and decreases through zero, monotonic growth in perturbation. The marginal state is stationary
(0=0)

- Frequency (w) is complex and its Imaginary part decreases from + to -, a state of growing oscillations
appears (overstability). Marginal state is oscillatory motion




Instability (cont.)
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Normal mode method

* Prescribe the equilibrium configuration and boundary condition

e [he perturbed variables (p1, vi, p1) are determined by the set of linearized equations

* Each variables may be decomposed into a spectrum of Fourier components which
behave like eiwt

e The resulting "normal mode”™ equations may be solved to determine which values of w are
allowed by the boundary condition

o | all the normal modes have real frequencies (w? > 0), the system just oscillates Iin the
equilibrium configuration = stable

o [f at least one of frequencies is imaginary (w? <0), the system is unstable, the
corresponding perturbations grow exponentially (growth rate is y = Im(w) )




Example of instabilities

» Convection in stars

* Multiphase nature of the |ISM

* Mixing of fluids that have relative motion
* Tfurbulence in accretion disks

* Formation of stars and galaxies

* Here we discuss some of the most important instabilities




Convective Instability

* This concerns the stability of a hydrostatic equilibrium.
* Here, we can gain insight without doing a full perturbation analysis
» Consider following system:

- |deal gas in hydrostatic equilibrium

- Uniform gravitational field in —z direction _
surrounding

medium

l B, p

 Now perturb a fluid element upwards, away from
its equilibrium point

.:’.
hd\
S




Convective Instability (cont.)

* \We assume that any pressure imbalances are quickly removed by acoustic waves, but
that heat exchange takes longer

* This iImplies displaced element evolves adiabatically with a pressure p’ equal to pressure
at new location of atmosphere

e Since we assume that transter is slow, initially perturbations will change adiabatically

e Stability depends on new value of density

p* < p' = perturbed element buoyant

= system unstable

p" > p' = perturbed element sinks back

= system stable




Convective Instability (cont.)

e FOr adiabatic change,

p:va /N 1/
P
T = e
p = Kp™’ p
e To first order
dp
/
— | 0
p dz -
1
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Convective Instability (cont.)

* [N surrounding medium,

dp
/
— | 0
=P
e and the system is unstable if p* < p’. So instability needs
p dp dp
| 0 0 - 0
- Py dz © S dz -
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Convective Instability (cont.)

* 50, the system is unstable If the entropy of the atmosphere decreases with increasing
height.

* This can also be related to temperature and pressure gradients

dK d

_ — In K

o <0 = o niiK <0
e But

K =pp~ 7 = (const.) p' VT (p = RupT'/ 1)
* SO

d d d

— InK=(1—-—~)—1 — InT

dzn ( ﬁy)dz np—I—vdZn <0

d_T (1 1\ T dp | il
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Convective Instability (cont.)

 Hence, we have the Schwarzschild stability criterion which reads

d—T< 1! 1 T dp

dz ' pdz

e Since hydrostatic equilibrium require dp/dz <0, we see that (since y>1)

- Always stable to convection it d7/dz > 0

- Otherwise, can tolerate a negative temperature gradient provided

T 1 T,dp
| p!dz-

e S0 convective instabllity develops when T declines too steeply with increasing hight




Convective Instability (cont.)

- Examples: Convectively unstable system

- Quter regions of low mass stars
- Cores of high mass stars
* For stable configurations, we can example the dynamics of atmosphere:

e eguation of motion is

|d2 I
° I'_'Z:!g(!'| |)
2
at small
d? | dT 1 !tdp
l + "\ "7 = | | = |
= (4 dtz J Taz 1'# p dz ‘
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L Y-y 99, 1 Tdp




Convective Instability (cont.)

* 50, It IS simple harmonic motion with angular frequency N where

'd_TI N E..poﬁ

2_ 9
NTE T W | pdz

Brunt-Vaisala frequency

* [hese oscillations are so-called internal gravity waves




Jeans Instabillity

* This concerns the stability of a self-gravitating fluid against gravitational collapse

» Consider following system:

- Unitform medium initially static

- Barotropic EoS

- Gravitational field generated by the medium itself

e SO equilibrium is

P
Vv

l 5, const
Po, cCONst
=0




Jeans Instability (cont.)

e governing eqguations are

'I—t+! a("v) =0

| 1
%+(vé! W="2>1p"l |
| 2l =41 G"

* I[ntroduce a perturbation
=1+ 1]
P=pot+!p
v=1=_v

=15+ "




Jeans Instability (cont.)

e Linearized equations are:
I I ] |

—* "o a(l v)=0 (7-1)
s e ¢ y=re e ) e
2" )=41G! " (7-3)

* ook for plane wave solutions
| | = !1ei(kéX! 1)

L 1ei(ké1X! | t)

| v = Vlei(kaX! 1)




Jeans Instability (cont.)

» Substitution into the linear equations gives

(7-1) = "1+ kavyi =0 (7-4)
(7-2) = Vlg"vy=1cklq! Tok! ¢ (7-5)
(7-3) = 1 k% {=41G", (7-6)

e Eliminating vi and ¥ from these
(7-4) + (7-5) = 11" %= Kk°(11c5+ 1! 1)

= k21121 4"Glols  from (7-6)
4" G#y
Cs

= ¢ k°!

= |

» Introduce the Jeans wavelength k5 = 4! G"o/cs so we have the dispersion relation

1 2= c5(k“! k%)




Jeans Instability (cont.)

- Notes:

 Fork ! kj we have normal sound wave ! 2 = c2k?

e For k! k; we have modified sound waves. Gravity leads to dispersion of the wave and
a slower group velocity

e FOr k<kj; wis purely imaginary (fork! 1), giving

e and
ei(ké)(! 1) — e!:—teiké)(

* leading to exponentially growing solution: Gravitational instability




Jeans Instability (cont.)

* [he maximum stable wavelength is

2 g
ks Gt

c_.
|
|

Jeans length

* [he associated mass Is
Myl 13 Jeans Mass
* These are central concepts in the theory of
e Star formation (instability of giant molecular clouds)

» Cosmological structure formation (instability of the homogeneous primordial gas)




Rayleigh-Taylor and Kelvin-Helmholtz Instability

* This concerns the stability of an interface with a discontinuous change in tangential
velocity and/or density

perturbation

R =




RT and KH Instability (cont.)

e FOr convenience, let's assume
- Constant gravity, ideal fluid
- Pressure continuous across the interface
- Incompressible flow I av =0

- [rrotational flow 1" v =0 = v=1" |

- 2D problem




RT and KH Instability (cont.)

 The momentum equation (for either upper or lower fluid) is
v 1

W+vé!v:";!p+g
= | Il_t+ %VZ + g.+|*:0
=>I||_t+ %vz +-#Et + 1 = F(t) (7-7)

* where F(¢) Is a function that is constant in space but not in time




RT and KH Instability (cont.)

 Now consider a perturbation at the interface of these two fluids

o et us study the evolution of the perturbed position of the interface &(x,t)

e The velocity potential v = " ! soif the unperturbed velocities in the fluids are U and U’
we have
lwp = UXx+ 13
= 1% =14%=0 (since!l av=0) (7-8)

e ¢ and ¢’ are sourced by displacements of the interface




RT and KH Instability (cont.)

e Consider an element of the lower fluid that is at the interface. Then

D!
V, = —
Dt
* giving " » ”
l — = —+ U—
'z ' X to first order (7-9)
" I et
l — = —+ U —
4 It I X
* Now look for plane wave solution
| = Agli(kx! 1)

| = Cei(kx! 1)+ k,z
| - C!ei(kx" )+ kK, z

e Where extra terms on the exponents k.z and k’.z are these to seek solutions where
perturbed potential decays at large [¢|




RT and KH Instability (cont.)

e But we know that

121 =0 = 1k°+k:=0

= k= |k
eso !l Qas z!#
1 21'=0 = !'k*+k7=0
= k, =1 |K]

esince!’'l Qas z!'"




RT and KH Instability (cont.)

* For now, let’s stipulate £>0. So

| = Cei(kx! I 1)+ kz

1= cla (k)" k2

* From eq(8-9), we have
lkC="1TilA+IUKA =i(kU! YA  (7-10)
kC = i(kU'! 1)A (7-11)

* \We need one more equation it we are to solve for 4, C, C’




RT and KH Instability (cont.)

* We get that from pressure balance across the interface
) II# 1

p=11 1+ év2+ g$ + ! F(t)
pt=11" 1 N }v!2+ g$ + I'F'(t)
"1 2
e and equality at z=0:
- 1 2 ] gy | 12
| !é+\%+g$ = | !%+V7+g$ + K (t) (7-12)

e where
KT IF@{)" "F(t)




RT and KH Instability (cont.)

* The perturbation vanishes for z! +" at all times, so we can look at eq (7-7) for each

fluid element in the limit |z| 1", taking limit carefully so that ¥ terms cancel, to get
1 1
IF(t)! 'F(t) = ZU?l 1 Zu*“r
O O 2 2 conditions at oo

* Therefore, K(¢) Is actually a constant and so a constant

* Next in our attempt to use eq (7-12) to match across boundary, we need to determine v

and v’
v=>0>" T="0Ux+)v=U»p!" |
"

| X

= vZ= U?! 2U (dropping 2nd order terms)

e and similarly
V2= u2) oyl
I X




RT and KH Instability (cont.)

* SO eq (7-12) reads

Il# 1 II# ) ll#! 1 II#! 1 1
| 1 4 = | " - 2 T AN y.AR
- ---H/- Uiyt e = ---t%-u--ﬂgﬂ”;}/-%
K

vy "4 ooy !
[ A Ry i =S [ | L
~ "t x T "t v

= 1i{"C! 1UIKC + 'gA=1'i"C'+ 'U'kC"' + !'gA

* Now eliminate C and C’ from eq (7-10) and (7-11) to give

(kU ")+ 11 KkU'!T ")2=Kkg(!! ")

* This Is the dispersion relation for our system




RT and KH Instability (cont.)

» Let's now look at some specitic applications

(A) Surface gravity waves: two fluids at rest initially with p’ < p (i.e., denser tluid on bottom)

* The dispersion relation gives

e SOfOrk! ! wehavethatw! ! and hence system displays oscillations/ waves.

. Bt gis ==+ 9D g
ase Spee 1S K = (.. n ..!)k

elf p" p,then ' /k = + glk

 Example: surface waves on ocean




RT and KH Instability (cont.)

(B) Static stratified fluid: two fluids at rest initially with p* > p (i.e., denser tluid on top)

| 2 = kgg." .

+||!

e SO, for k! ! we have w? <0 and so w Is purely imaginary.

| gty

— = x|

K S

* This positive root of this gives us exponentially growing solutions.

* [his Is the Rayleigh-Taylor Instability




RT and KH Instability (cont.)

(C)Fluids in motion: two fluids with p’ < p (stable to Rayleigh-Taylor) but different velocities
non-zero U and U’

e Take full dispersion relation:

l(kUI ")2+ "(kU" "2 = kg(l | |')

e divide by k2 and solve the quadratic in w/k,

4+ "! | (" + "!)2

_ Y+ VU, 9
kll

| (A
k " "

* There is instability if

gl 11 iUl U2
I+ sz S

0| (instability)




RT and KH Instability (cont.)

 [f g=0, then any relative motion gives instability, so-called Kelvin-Helmholtz Instability

 [f g #0, then unstable modes of KH instability are those with

(121 112)g
NSTRTVETDY

* |.e., gravity is stabilising influence




Thermal Instability

* This concerns the stability of a medium in thermal medium (heating = cooling) to
perturbations in temperature

» Consider the following system
- No gravitational field

- Static thermal equilibrium

VO:O,QﬂO:O,!!o:O,!po:O where p= K"
® !K():O




Thermal Instability (cont.)

» |et's start by deriving an alternative form of the energy equation that involves the entropy-
Ike variable K, this will be well suited to problems to thermal instability

p=K!' = dp=!'dK + K"t =1t dK + Sdl (7-13)
P = &!T — dp= &Td! + &!dT = Ed! + &!dT (7-14)
v v v | y

 Equate (7-13) and (7-14) to give
1 dK + v Rdn = B R gt

T
> 1'dK = (11 )R+ R—u!!dT
| -
— 1t | " B |
= Ak =M s T

1 dQ




Thermal Instability (cont.)

e First law of thermodynamics:

dE
dQ = pdV + d—TdT (unit mass)
* and so
dQ = pd(1/!')+ CydT
p R, .
=1 F | | - R,
| = dt L ,,)dT since we have (I I 1)Cy = R, /u

* [hen we have
dKk =1 (1! )"t 'dQ for fluid element




Thermal Instability (cont.)

» Turn this into Lagrangian energy equation by noting that @'= ! dQ/dt

DK

= o= )" Q

1 DK D

= ot | prinK)=" (" DG

i%}f =1 (1 1)%Pl Entropy form of energy equation (7-15)

* [his joins our usual continuity and momentum eqguations

.'_t + ! a("v)=0 (7-16)

IlV )
otlvalv="p (7-17)




Thermal Instability (cont.)

 Now we look at thermal instability

» Consider small perturbations to the equilibrium
vi v KI Kg+! K

* Linealise the equations
! ! 11

(7-16) = ——+"ol & v)=0 (719
(717) = 1o tV = 1" (! p) (7-19)
s o HK L

TEEAES




Thermal Instability (cont.)

e Where we can write

a
il I Q)
I Q= GI | p+ IT{ |
e SO that | P
| |
.| tK = 1A'l p! B'I'" (7-20)
. with |
N R I
" Lo#p! A Loy" !p
e \\We also have
p=K!' = 1p=1hrk+ 2 (701




Thermal Instability (cont.)

e \We seek solutions of the form
ei K axX + gt
— pleiké)(+ gt

ei K aX + gt

P
v =Vv,
K = Kleikéb(+qt

11 =1,

* S0, instability if Re(g) > 0. Substituting into linearised equations gives
(7-18) = CI! 1+ lglkavy =0

(7-19) = Olova = ! 1kps

(7-20) = K1 =!A'p! B!y

Po,

I o

(7-21) = p1= oK1+ 1




Thermal Instability (cont.)

* \We can combine these to obtain the dispersion relation:

! ! ' 2
Ag, B _y TP 1
2 2yt

cubic in g, call E(qg)
* This has at least one real root - system is unstable if that real root is positive, g >0

*Now E(! )=1 , E(0) = "B!kZ!!O

* S50 the system is unstable if B > QG




Thermal Instability (cont.)

2 |
D | " . .
B' = —= il Z% > 0 (condition for instability)
0 p
. H
| gt
= VQ' ﬁ > (
| P #
R, T 0
2 | 1
. T .Q': -
p!T!
p
| QI{
unstable if —1 < 0 Field criterion
p




Thermal Instability (cont.)

* The system is always unstable if it's Field unstable.

» However, even a Field stable system can be unstable if A' < 0 = 1 @/ TI <@
p

* From the dispersion relation, we see that this can happen for long wavelength modes, 1.e.,
k small.

q(g+ A'lly)! 0 = q!" Al

e Interpretation:

» Short wavelength perturbations are readily brought into pressure equilibrium by the
action of sound waves, theretfore, thermal instability proceeds at fixed pressure

* Long wavelength perturbations: there is insufficient time for sound wave equalise
pressure with surroundings, so they tend to develop at constant density




Jeans Instabillity

.| UK Astrophysical
& Fluids Facility

star formation in molecular cloud

Matthew Bate "E, ETER

3D SPH simulations of star formation from
gas cloud

Star Formation in the Bho Ophiuchi Cloud Spitzer Space Telescope ¢« IRAC
NASA / JPL-Caltech / L Allen (Harvard-Smithsonian CfA) ss¢2008-03b




Rayleigh-Taylor Instability
2D HD Rayl;iih;aylor lnsiabilityz 0< 3D HD

P

single mode random

perturbation




Rayleigh-Taylor Instability

Crab nebula
(SNR)

Experiment of RTI

simulation of SNR




Kelvin-nelmnoltz Instability

2D |et propagation

2D HD




Kelvin-nelmnoltz Instability

cloud Experiment of KHI
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Jupiter’'s great
red spot




