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Instability
• Questions of stability & instability are important for many astrophysical phenomena.


- How a structure can remain stable for a long period

• Consider a particle motion in 1D

• Particle has a mass m and moves along x-axis under the action of conservative force


• Where W(x) is the potential energy. It is in equilibrium position at x=0 and its equation of 
motion is 

•

F (x)x̂ = �dW

dx
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Instability (cont.)
• For small displacements, this reduces to the linear form


• Where F1(x) is the first-order approximation to F(x).


• One approach is to seek normal-mode solutions of the form: 

• The equation of motion gives

mẍ = F1(x) � �x
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Instability (cont.)
• If W(x) has a minimum at the origin, (d2W/dx2)0 > 0 ⇒ 𝜔2 > 0,


• so the particle oscillates about x = 0


• The force tends to restore its equilibrium (stable)


• If  W(x) has a maximum, (d2W/dx2)0 < 0 ⇒ 𝜔2 < 0


• the displacement increases from the equilibrium position (unstable)


• When (d2W/dx2)0 = 0, it said to naturally stable 



Instability (cont.)
• Here we refer to linear stability

• But if considering deviations are not small, it is possible to investigate the nonlinear stability of a 

system

- Linearly stable but nonlinearly unstable (explosive)

- Linearly unstable but nonlinearly stable


• Metastability: naturally stable (d2W/dx2=0) to small-amplitude (linear) perturbation but unstable to 
large (finite-amplitude) one   

- d3W/dx3=0 and d4W/dx4<0


• Transfer from stability to instability occurs via a state of marginal (or normal) stability

- 𝜔2 is real and decreases through zero, monotonic growth in perturbation. The marginal state is stationary 

(𝜔=0)


- Frequency (𝜔) is complex and its Imaginary part decreases from + to -, a state of growing oscillations 
appears (overstability). Marginal state is oscillatory motion



Instability (cont.)
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Normal mode method
• Prescribe the equilibrium configuration and boundary condition


• The perturbed variables (𝜌1, v1, p1) are determined by the set of linearized equations


• Each variables may be decomposed into a spectrum of Fourier components which 
behave like ei𝜔t 


• The resulting “normal mode” equations may be solved to determine which values of 𝜔 are 
allowed by the boundary condition


• If all the normal modes have real frequencies (𝜔2 > 0), the system just oscillates in the 
equilibrium configuration = stable


• If at least one of frequencies is imaginary (𝜔2 < 0), the system is unstable, the 
corresponding perturbations grow exponentially (growth rate is 𝛾 = Im(𝜔) )



• Convection in stars


• Multiphase nature of the ISM


• Mixing of fluids that have relative motion


• Turbulence in accretion disks


• Formation of stars and galaxies


• Here we discuss some of the most important instabilities

Example of instabilities



Convective Instability
• This concerns the stability of a hydrostatic equilibrium.


• Here, we can gain insight without doing a full perturbation analysis


• Consider following system:


- Ideal gas in hydrostatic equilibrium


- Uniform gravitational field in      direction


• Now perturb a fluid element upwards, away from  
its equilibrium point 
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Convective Instability (cont.)
• We assume that any pressure imbalances are quickly removed by acoustic waves, but 

that heat exchange takes longer


• This implies displaced element evolves adiabatically with a pressure p’ equal to pressure 
at new location of atmosphere


• Since we assume that transfer is slow, initially perturbations will change adiabatically


• Stability depends on new value of density 
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Convective Instability (cont.)
• For adiabatic change,


• To first order,
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Convective Instability (cont.)
• In surrounding medium,


• and the system is unstable if             . So instability needs
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Convective Instability (cont.)
• So, the system is unstable if the entropy of the atmosphere decreases with increasing 

height.


• This can also be related to temperature and pressure gradients


• But


• So
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Convective Instability (cont.)
• Hence, we have the Schwarzschild stability criterion which reads


• Since hydrostatic equilibrium require dp/dz < 0, we see that (since 𝛾>1)


- Always stable to convection if dT/dz > 0


- Otherwise, can tolerate a negative temperature gradient provided


• So convective instability develops when T declines too steeply with increasing hight
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Convective Instability (cont.)
• Examples: Convectively unstable system


- Outer regions of low mass stars


- Cores of high mass stars


• For stable configurations, we can example the dynamics of atmosphere:


• equation of motion is


•
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Convective Instability (cont.)
• So, it is simple harmonic motion with angular frequency N where


• These oscillations are so-called internal gravity waves
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Jeans Instability
• This concerns the stability of a self-gravitating fluid against gravitational collapse


• Consider following system:


- Uniform medium initially static


- Barotropic EoS


- Gravitational field generated  by the medium itself


• So equilibrium is
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Jeans Instability (cont.)
• governing equations are


• Introduce a perturbation

<latexit sha1_base64="11sG10REOxR7KLPpb2UZaGc0yj4="></latexit>

!"
! t

+ ! á(" v) = 0
<latexit sha1_base64="lVH9wFZFA/OvrMi1HB9RZ/95AVA="></latexit>

! v
! t

+ ( v á! )v = "
1
"

! p " ! !

<latexit sha1_base64="ODSUW2y6a6KzwyBEnE15y/KQigw="></latexit>

! 2! = 4 ! G"

<latexit sha1_base64="BKHWtlBWOY8rbXQTx7erk9t1/0U="></latexit>

! = ! 0 + ! !
<latexit sha1_base64="tkkb3VadSiGyo02UD7xC2gWUNVU="></latexit>

p = p0 + ! p
<latexit sha1_base64="5CLTndxOd8BA8t7hoWCMBAVVt2E="></latexit>

v = ! v
<latexit sha1_base64="41xDjsQBnRWaCOOqLv54pKJTRuA="></latexit>

! = ! 0 + "!



Jeans Instability (cont.)
• Linearized equations are:


• Look for plane wave solutions
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Jeans Instability (cont.)
• Substitution into the linear equations gives


• Eliminating v1 and 𝛹1 from these


• Introduce the Jeans wavelength                          so we have the dispersion relation
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Jeans Instability (cont.)
• Notes:


• For             we have normal sound wave


• For              we have modified sound waves. Gravity leads to dispersion of the wave and 
a slower group velocity


• For              𝜔 is purely imaginary (for k !  ! ), giving 


• and


• leading to exponentially growing solution: Gravitational instability
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Jeans Instability (cont.)
• The maximum stable wavelength is


• The associated mass is


• These are central concepts in the theory of


• Star formation (instability of giant molecular clouds)


• Cosmological structure formation (instability of the homogeneous primordial gas)
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Rayleigh-Taylor and Kelvin-Helmholtz Instability
• This concerns the stability of an interface with a discontinuous change in tangential 

velocity and/or density 



RT and KH Instability (cont.)
• For convenience, let’s assume


- Constant gravity, ideal fluid


- Pressure continuous across the interface


- Incompressible flow


- Irrotational flow


- 2D problem 
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RT and KH Instability (cont.)
• The momentum equation (for either upper or lower fluid) is


• where F(t) is a function that is constant in space but not in time
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RT and KH Instability (cont.)
• Now consider a perturbation at the interface of these two fluids


• Let us study the evolution of the perturbed position of the interface 𝜉(x,t)


• The velocity potential                 , so if the unperturbed velocities in the fluids are U and U’ 
we have


• 𝜙 and 𝜙’ are sourced by displacements of the interface
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RT and KH Instability (cont.)
• Consider an element of the lower fluid that is at the interface. Then


• giving


• Now look for plane wave solution


• where extra terms on the exponents kzz and k’zz are these to seek solutions where 
perturbed potential decays at large |z|
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RT and KH Instability (cont.)
• But we know that


• so             as 


• since             as
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RT and KH Instability (cont.)
• For now, let’s stipulate k>0. So


• From eq(8-9), we have


• We need one more equation if we are to solve for A, C, C’
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RT and KH Instability (cont.)
• We get that from pressure balance across the interface


• and equality at z = 0:


• where
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RT and KH Instability (cont.)
• The perturbation vanishes for                 at all times, so we can look at eq (7-7) for each 

fluid element in the limit              , taking limit carefully so that 𝛹 terms cancel, to get 


• Therefore, K(t) is actually a constant


• Next in our attempt to use eq (7-12) to match across boundary, we need to determine v 
and v’


• and similarly
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RT and KH Instability (cont.)
• so eq (7-12) reads


• Now eliminate C and C’ from eq (7-10) and (7-11) to give


• This is the dispersion relation for our system
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RT and KH Instability (cont.)
• Let’s now look at some specific applications


(A) Surface gravity waves: two fluids at rest initially with 𝜌’ < 𝜌 (i.e., denser fluid on bottom)


• The dispersion relation gives


• So for k !  ! , we have that 𝜔 !  !  and hence system displays oscillations/ waves.


• Phase speed is


• If 𝜌’ "  𝜌, then


• Example: surface waves on ocean
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RT and KH Instability (cont.)
(B) Static stratified fluid: two fluids at rest initially with 𝜌’ > 𝜌 (i.e., denser fluid on top)


• So, for k !  !  we have 𝜔2 < 0 and so 𝜔 is purely imaginary.


• This positive root of this gives us exponentially growing solutions.


• This is the Rayleigh-Taylor Instability
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RT and KH Instability (cont.)
(C)Fluids in motion: two fluids with 𝜌’ < 𝜌 (stable to Rayleigh-Taylor) but different velocities 
non-zero U and U’


• Take full dispersion relation:


• divide by k2 and solve the quadratic in 𝜔/k,


• There is instability if
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RT and KH Instability (cont.)
• If g = 0, then any relative motion gives instability, so-called Kelvin-Helmholtz Instability


• If g ≠ 0, then unstable modes of KH instability are those with


• i.e., gravity is stabilising influence
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Thermal Instability
• This concerns the stability of a medium in thermal medium (heating = cooling) to 

perturbations in temperature 


• Consider the following system


- No gravitational field


- Static thermal equilibrium


•
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Thermal Instability (cont.)
• Let’s start by deriving an alternative form of the energy equation that involves the entropy-

like variable K, this will be well suited to problems to thermal instability


• Equate (7-13) and (7-14) to give
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Thermal Instability (cont.)
• First law of thermodynamics:


• and so


• Then we have
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Thermal Instability (cont.)
• Turn this into Lagrangian energy equation by noting that


• This joins our usual continuity and momentum equations 
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Thermal Instability (cont.)
• Now we look at thermal instability


• Consider small perturbations to the equilibrium  


• Linealise the equations
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Thermal Instability (cont.)
• where we can write


• so that


• with


• We also have 
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Thermal Instability (cont.)
• We seek solutions of the form


• So, instability if Re(q) > 0. Substituting into linearised equations gives
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Thermal Instability (cont.)
• We can combine these to obtain the dispersion relation: 


• This has at least one real root - system is unstable if that real root is positive, q  > 0


• Now 


• So the system is unstable if 
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Thermal Instability (cont.)
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Thermal Instability (cont.)
• The system is always unstable if it’s Field unstable.


• However, even a Field stable system can be unstable if


• From the dispersion relation, we see that this can happen for long wavelength modes, i.e.,  
k small. 


• Interpretation:


• Short wavelength perturbations are readily brought into pressure equilibrium by the 
action of sound waves, therefore, thermal instability proceeds at fixed pressure


• Long wavelength perturbations: there is insufficient time for sound wave equalise 
pressure with surroundings, so they tend to develop at constant density
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