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Formation of shocks

• When the amplitude is so small that linear theory applies, that a disturbance propagates as a sound 
wave.


• The wave profile maintains a fixed shape, since each part of wave moves with the same speed (linear 
wave)


• But, when the wave have a finite amplitude, so that nonlinear terms becomes important, the crest of 
the sound wave moves faster than its leading and trailing edge.


• This causes a progressive steepening of the front portion of wave as the crest catches up


• Ultimately, the gradients of pressure, density, temperature and velocity becomes so large that 
dissipative processes (viscosity) are no longer negligible


• Then a steady wave-shape is attained, called a shock wave, with a balance between the steepening 
effect of nonlinear convective terms and broadening effect of dissipation.



Shock wave

• Disturbances in a fluid always propagate at the sound speed relative to the fluid itself.


• The shock wave moves at a speed in excess of the sound speed


• So information cannot be propagated ahead to signal its imminent arrival.


• Since such information would travel at only cs, relative to the undisturbed medium ahead 
of the shock.



Shock wave (cont.)
• In supersonic case, if we continuously produce a disturbance, the envelope of the 

disturbances will define a cone with opening angle 𝜃 given by


• The ratio of the flow speed to the sound speed is called the Mach number


• Disturbances cannot propagate upsteam from the obstacle so the flow cannot adjust to 
the presence of obstacle.


• The flow properties must change discontinuously once the obstacle is reached, giving 
shock
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Shock wave (cont.)

• For example, suppose a long tube contains gas initially at rest and that a piston at one 
end of tube is accelerated into uniform motion


• If the piston is being withdrawn from the tube, an rarefaction (expansion) wave travels 
into a gas (pressure is decreased)


• If the piston is pushed into the tube, a compression wave is generated (pressure is 
increased) and this eventually steepens into a shock wave.




Shock frame
• Models shock front by a plane discontinuity and two states


• subscripts 1 for unshocked gas (ahead of shock, upstream, pre-
shock), 2 for shocked gas (behind of shock, downstream, post-
shock)


• In rest frame, shock speed is u, while speed of shocked gas is u2 (< u)


• More convenient to use a frame of reference moving with shock wave. 


• Unshocked gas enters the front of shock with speed, v1=u


• While the shocked gas leaves the back of shock with speed, v2=u-u2


• Since u2 is positive. So v2 < v1


• when v2=v1, there is no shock


Rest frame

Shock frame

Shocked gas

(downstream)

Unshocked gas

(upstream)

Shocked gas

(downstream)

Unshocked gas

(upstream)

u2 u

v2 v1 (= u)



Thickness of shock
• A detailed determination of the thickness of the shock and its internal structure is very 

complicated. 


• However, if the dominant dissipation mechanism is known, an order-of-magnitude 
estimate of the shock width (dx) may be obtained.


• In the case of viscous dissipation, the amount of energy (dE) dissipated during a small 
time (dt) is give by


• dt ~ dx/v1 as the time for the shock front to move a distance dx and putting dv ~ v1-v2
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Where 𝜈 is the kinetic viscosity
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Thickness of shock (cont.)
• For strong shock,                         , so that


• In other words, the Reynolds number (              ) is order of unity.
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Reynolds number (Re) = inertial force / viscous force =
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Rankine-Hugoniot Relations
• Consider a plane shock wave propagating steadily with  

constant speed into a stationary gas with density 𝜌1 and  
pressure p1


• In a frame of reference moving with the shock, the speed of  
shocked gas, v2, its density 𝜌2 and pressure p2


• Jump relation (condition) between the shock surface is given us a set of conservation 
equations

Shocked 
gas (2)

Unshocked 
gas (1)

v2 v1 (= u)
𝜌2, p2 𝜌1, p1

dx



Rankine-Hugoniot Relations (cont.)
• Continuity equation gives


where we have integrated over a small region dx around the shock surface.


• Let’s take dx → 0 and assume that mass does not continually accumulate at x=0. Then
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Rankine-Hugoniot Relations (cont.)
• Apply similar analysis to the momentum equation:


• Note that vy and vz do not change across the shock front (can be immediately seen by 
looking at the y- and z-components of the momentum equation)
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Rankine-Hugoniot Relations (cont.)
• Now for the energy equation.


• Start with adiabatic case so that the gas cannot cool (                )


• Also gravitational potential to have no time-dependence


• Since                                  , this becomes
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Rankine-Hugoniot Relations (cont.)
• But 𝛹1 = 𝛹2  and 𝜌1v1 = 𝜌2v2, so terms involve 𝛹 cancel out.


• We left with


• For an ideal gas, we have


which combine to give
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Rankine-Hugoniot Relations (cont.)
• If we assume that 𝛾 does not change across the shock, 3rd R-H relation becomes


since, for adiabatic case, the sound speed is


• using all three R-H relations, we get
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Rankine-Hugoniot Relations (cont.)
• Let’s define specific volume, V1=1/𝜌1, V2=1/𝜌2 and mass flux j =𝜌1v1 =𝜌2v2


• In principle this equation allows for two shocks,


- The post-shock medium has a higher pressure than the pre-shock medium (p2 > p1)


- The post-shock medium has a lower pressure than the pre-shock medium (p2 < p1)


• The latter will turn out to be an unphysical solution. 


• But such a solution will quickly smear out into a rarefaction (expansion) wave


• We focus here on the case p2 > p1 (shock case)
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Rankine-Hugoniot Relations (cont.)
• Here we define


where M1 is shock Mach number


• 2nd R-H eq. ⇒


• 3rd R-H eq. ⇒


The nontrivial solution can be written 
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Rankine-Hugoniot Relations (cont.)
• From this equation, when M1=1, density, pressure, and velocity do not make any jump.


• So shock is developed when M1>1


• Shock speed (v1) must exceed the sound speed (cs1) ahead of shock


• In the shock frame, flow is supersonic in front of shock but subsonic behind it (v2 < cs2)


• Shock must be compressive with p2 ≥ p1 , 𝜌2 ≥ 𝜌1


• T2 ≥ T1, shock wave slows the gas down but heat it up (convert flow kinetic energy into 
thermal energy in the process)



Rankine-Hugoniot Relations (cont.)
• In the strong shock limit, p2 ≫ p1 (M1 →∞), we get


• For  𝛾=5/3,  this gives 𝜌2 = 4𝜌1


• So there is a maximum possible density contrast across an adiabatic shock (only 4)


• Note that, since p2 ≫ p1, and 𝜌2 ≤ 4𝜌1, we get


• The gas has jumped adiabats during its passage through the shock. 

• Shocking the gas produces a non-reversible change, due to viscous processes operating 

within shock
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Rankine-Hugoniot Relations (cont.)
• While the R-H relations are symmetric in the up- and down-stream quantities, the 

thermodynamic requirement that entropy increases dictates the direction of jump (i.e., a 
fast/cold upstream flow shocking to produce a slow/fast downstream flow)


• It is interesting that we can derive R-H conditions using the inviscid equations that do not 
explicitly include dissipation / entropy-generating terms


• Not all shocks are adiabatic! To consider the other extreme, let’s discuss isothermal shock


• Here we have                   such that the shocked gas  
cools to produce T1=T2


• Where a shock is isothermal or adiabatic depends on  
whether the “cooling length” is smaller or larger than  
the system size
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Rankine-Hugoniot Relations (cont.)
• For isothermal shocks, the 1st & 2nd R-H equations are unchanged:


but the 3rd R-H equation is replaced by


• Now


• So 2nd R-H equation becomes
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Rankine-Hugoniot Relations (cont.)
• Thus we see that


• where M1 is the Mach number of the upstream flow.


• So the density compression can be very large (no limitation)
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Hydrodynamic discontinuity
• Contact discontinuity: v1=v2=0, Density jump arbitrary, but other quantities (pressure for 

hydro) are continuous (temperature is also change)


• Rarefaction (expansion) wave: a simple wave or progressive disturbance (not shock). 
density and pressure decrease on crossing the wave

•



Theory of supernova explosions
• An important application of shock wave theory is to supernova explosions in the interstellar 

medium (ISM).


• A supernova deposits about 1051 erg (=1044 J) of energy into the surrounding medium, then 
shocked medium expands, sweeps up more gas, and create large bubbles in the ISM.


• Consider following system:


- Uniform density medium with density 𝜌0


- Point explosion with energy E


- Ignore temperature of the ambient ISM (T0=0), thus no confinement of explosion by an 
external pressure



Theory of supernova explosions (cont.)
• Given that T0=0, the shock has M→∞


• Assuming an adiabatic shock, we sweep  
mass into a shell with density 𝜌, given by


If all mass is swept up into shell then


For 𝛾=5/3, we have D ≈ 0.08R which justifies the assumption D ≪ R
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Theory of supernova explosions (cont.)
• Assume that all gas in the shell moves with a common velocity.


• In the frame of a local patch of the shock we have


and so

v0 v1

𝜌0 𝜌1
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Theory of supernova explosions (cont.)
• Thus, relative to the unshocked gas, the velocity of the shocked gas U is


• Then, the rate of change of momentum of the shocked shell is


• This momentum gain is provided by pressure acting on the inside surface of the shell - 
call this pin


• Let’s make the ansatz that this is related to the pressure within the shell by


<latexit sha1_base64="bdFzbQBXJmmOF9Db24cEKvxyM8k="></latexit>

U = v0 ! v1 =
2v0

! + 1

<latexit sha1_base64="wA2sC63sWs0sqhJQsELWo+pdQAI="></latexit>

d
dt

!
4!
3

" 0R3 2v0

# + 1

"

<latexit sha1_base64="PYGiIwB9I7iMWW7IviV1vneR/oE="></latexit>pin = ! p1



Theory of supernova explosions (cont.)
• and we now relate p1 and v0 using 2nd R-H jump condition: we have
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Theory of supernova explosions (cont.)
• So, equating rate of change of momentum of the shocked shell to the pressure acting 

on the inside surface of the shell, we have


• This admits solutions of the form R !  tb :
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Theory of supernova explosions (cont.)
• To determine 𝛼, we need to consider energy conservation


• For an adiabatic shock, the explosion energy is conserved and transformed into kinetic 
and internal energy:


- Kinetic energy of this shell:


- Internal energy per unit mass:


and so the internal energy per unit volume:


• Since the shell is very thin, it has small volume and so most of the internal energy is in 
the central cavity which contains little mass   
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Theory of supernova explosions (cont.)
• So, energy conservation says that


from which we conclude that


• But E must be conserved. So we need 𝛼=1/2 to remove time dependence of E.


• Using 𝛼=1/2 we find:
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Similarity Solutions
• The above problem only has two free parameters, E and 𝜌0


• Look at their dimensions


•  These cannot be combined to give quantities with the dimension of length or time.


• So there is no natural length scale or time scale in the problem!


• Given some time, t, the only way to combine E, 𝜌0 and t to give a length scale is


We can define a dimensionless distance parameter
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Similarity Solutions (cont.)
• Then, for any variable in the problem X(r,t), we will have


• i.e. X is a function of scaled distance 𝜉 always have the same shape scaled up/down by 
the time dependence factor X1(t)


• 𝜉 is neither a Lagrangian or an Eulerian coordinate.


• It labels a particular feature in the flow (e.g., shock wave) that can move through the fluid 

<latexit sha1_base64="T0zSNQgPFt+0pX2AUq3vitgrLQo="></latexit>

X = X 1(t) ÷X (! )

<latexit sha1_base64="CAdcUPsmMmbJLPidWz8w53dBv/8="></latexit>

! X
! r

= X 1
d ÷X
d"

!"
! r

!
!
!
!
t

<latexit sha1_base64="PE++o7SXTrxBD4lrJR0REt9NAIo="></latexit>

! X
! t

= ÷X (" )
dX 1

dt
+ X 1

d ÷X
d"

!"
! t

!
!
!
!
r



Similarity Solutions (cont.)
• So we can write


• Let’s put some number in for the case of supernova explosions,


In supernova we have
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Similarity Solutions (cont.)
• So similarity solution gives


• The original explosion injects the stellar debris at about 104 km/s.


• So the above solution is valid for
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Structure of the blast wave
• We can, in principle, write each variable, 𝜌, p, v, r in terms of separated functions of t and 𝜉


• We can then substitute into the Eulerian equation of fluid dynamics (in spherical 
coordinates with 𝜕/𝜕𝜙 = 𝜕/𝜕𝜃 = 0,i.e., spherical symmetry)


• The result is a set of ODE’s where 𝜉 is the only dependent variable - time dependence 
cancels out! - This is so-called Sedov solution (Sedov 1946)


• E.g, solution for 𝛾=7/5


𝜉0



Structure of the blast wave (cont.)
• These solutions tell us that


- Most of mass is swept up in a shell just behind the shock (from form of    )


- Post-shock pressure is indeed a multiple of pin (from form of    justifies          
assumption)


- Shell material is not really moving at a single velocity but arguments above are restored 
by taking some weighted average (from form of    )
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Breakdown of the similarity solution
• The self similar solution breaks down when the surrounding medium pressure p0 becomes 

significant, p1 ~ p0


• From the strong shock solution, we derived


• So if p1 ~ p0 then


i.e., shell not moving supersonically anymore 
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Breakdown of the similarity solution (cont.)
• For SN, the maximum bubble / cavity size is set by the radius when blast wave becomes 

sonic and p1 ~ p0


• We have just shown that this implies


• We have shown above that energy conservation gives
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Breakdown of the similarity solution (cont.)

• Internal energy initially contained with Rmax is 


• So, when p0 ~ p1, we have E ~ Einit


• Therefore, blast wave propagates until the explosion energy is comparable to the internal 
energy in the sphere.   
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Breakdown of the similarity solution (cont.)
• Timescale on which bubble reaches Rmax is roughly the sound crossing time


•  For ISM: T~104K, 𝜌 ~ 10-21 kg/m3, giving


• SN rate is about 10-7 Myr-1pc-3. So, over a duration tmax can find 1 SN in 106 pc-3. But


• Filling factor of SN driven bubbles is >1. 


• This would seem to suggest that the entire ISM would be heated to SN to >106K. But not 
observed.

<latexit sha1_base64="LuPAo4UYZH8jh88URJG+GLgVdAI="></latexit>

t s !
Rmax

cs

<latexit sha1_base64="ZKDWfMqaDOc4DpKPOKIFO0nQwsg="></latexit>

Rmax ! few " 100 pc
<latexit sha1_base64="IYVlXMIxDeZGAy0IrzW0i9jDX3o="></latexit>

tmax ! 10 Myr

<latexit sha1_base64="yCEv5tDB+3tszfRHgwdZ7vP3gr4="></latexit>

4!
3

R3
max > 106 pc3



Breakdown of the similarity solution (cont.)
• We need to account for cooling and finite length of galactic disk (i.e., bubble blow out)


• After 105 yrs, when R~20pc, cooling losses become important and so bubble grows more 
slowly than R ! t2/5


• Simulation show that R! t0.3 and Rmax ~ 50pc, giving filling factor < 1


• Thus, due to cooling, only small fraction of E is deposited into ISM.



Shock tube problem

• A common test for the accuracy of computational hydrodynamic code and laboratory 
experiments


• The test consist separated two different states of gas initially


• In time evolution, two different states make propagations of shocks or discontinuities


• We can calculate analytical solutions therefore can test the validity of numerical codes. 



Shock tube problem (cont.)
• Sod’s shock tube test (the most famous test)

• Initial condition

- rL=1, pL=1, vL=0

- rR=0.125, pR=0.1, vR=0, with 𝛾=1.4


• Results


- Three Characteristic velocities


- v ± cs (shock/rafefaction to right/left)


- v (entropy waves)



Shock tube problem (cont.)

velocity

density

pressure

entropy

left-going

rarefaction

right-going

shock

right-going 
contact discontinuity


