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What defines a wave”

o Start discussion of how disturbances can propagate in a fluid.

e \What defines a wave?

 Mechanical Example:

e Sound, string, water (energy transfer source)

* Restoring forces:

* Pressure, tension, gravity %A
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Simple wave representation

* For plane waves propagating with wave vector k = (ky, Ky, kz) and angular frequency w,
lwhere r = (X, v, z) Is the position vector]

U= Cyexpli(k-r — wt)]

NN NS

* And for propagation in only the x-direction
U = Cyexpli(kxr — wt)

e Constant phase is maintained for a point on the wave when,
d d(kx)

—(kx — wt) = =
dt( r—wt)=0 = - w =20
dr w .
= | = = U Phase velocity




Wave group veloclty

* Phase speed is not the rate of information (i.e., energy) transfer

» Group speed is similarly defined, but for constant phase on a modulate wave
envelope,

U x expli(Akx — Awt)]

* Giving,
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Wave dispersion relation

e Everything Is contained In dispersion relation,

* kK often complex, but wave propagate only for,

* Dispersion relation indicates cutoffs and

resonances
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Sound waves

e Sound waves in a uniform medium (no gravity)

e Conducting a first-order perturbation analysis of the tluid equations:
op

ov 1

* The equilibrium around which we will perturb Is

P = pPo (uniform & constant)
P="Po (uniform & constant)
v=20




Sound waves (cont.)

e Consider small perturbations and write in Lagrangian terms (Lagrangian meaning the
change of quantities are for a given fluid element)

p=po+ Ap
p = po+ Ap
v = Av

* The relation between Lagrangian and Eulerian perturbations is:

op = Ap — &-Vpo

Eulerian Lagrangian Element displacement dot
pert. pert. Gradient of unpert. state

* In present example, Vpg =0 and so op = Ap

» But the distinction between Lagrangian and Eulerian perturbations will be important for
other situations.




Sound waves (cont.)

» Substitute the perturbations into fluid equations and ignore terms that are 2nd order
(higher) in the perturbed quantities:

o Start with continuity equation:

0
o7 (Po +ABp) + V- [(po + AP)A’U] =0
=0 2nd order 2nd order
Opd = 0Ap
= 2T M—FVM’U—F,OOV (Av) M’v =0
0
= E(AP) +poV - (Av) =0 (5-1)

Inearised continuity equation




Sound waves (cont.)

o Similarly, the momentum equation:

0

1

» Now, take 9/0t of (5-1):

e \We get

(5-2)

VZ(Ap)

5 (8v) = ——V(Ap)
L0 - - -
Inearised momentum equation
Q(Av) — ap V(Ap) (assuming barotropic EoS)
ot d’O P—P0 Po
02 O O ' dp
Ot2 (Ap) Lo Ot [v (A’U)] Po _8?5( )_ dp =
0% (A d
étzp) — d—]; V= (Ap) Wave equation

P=p0




Sound waves (cont.)

* Looking for plane waves of form

[7 — Cuez'(k-’l“—wt)

o With angular frequency w, wave vector k=(kx, ky, k) with position vector r=(x,y,z). Note

=27/ A
" k-r=kpx+kyy+k,z

k-k=Fki+Fk +k

o Useful solutions for Fourier analysis since,
0 . 0? 5 0 . 0?

° > — W > —W > —1k.,
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Sound waves (cont.)

* Admits solutions of the form Ap = Apoei(k'r_wt)

» Substituting into the wave equation we get

. d .
(—iw)’Apo = | (ik)’
P P=P0
— UJQ _ @ ]{?2
dp P=P0

e The phase velocity of wave is vy=w/k, so the sound wave travels at speed

dp
Cg — —

=1\ 4, Sound speed as the derivative of p(p)

P=p0




Sound waves (cont.)

e Consider a 1-D wave and substitute

A,O __ Apoei(kaf;—wt)

Av = ApgeFr—wt)

e [nto (5-1), we get
wAp

Ap
Co——

—1wAp+ ppitkAv =0 = Av=
PR Kk po Lo

e \We learn that

« Fluid velocity and density perturbations are in phase (since 4v/4p € R);

e Disturbance propagates at a much higher speed than that of the individual fluid elements,
orovided density perturbations are small, since A

Ay — P

Vg — Cg

J < Cg

L0




Sound waves (cont.)

e Sound waves propagate because density perturbations give rise to a pressure gradient
which then causes acceleration of the fluid elements, this induces further density

perturbations, making disturbances propagate.

e Sound speed depends on how the pressure forces react to density changes.

o [f the EOS is “stift” (i.e., high dp/dp), then restoring force is large and propagation Is

rapid.

Restorir
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Sound waves (cont.)

 Example: Isothermal case

> _ 4P
S dp -
* [n this case, compressions and rarefactions are effective at passing heat to each other to
maintain constant 7.

R« R.1
p = pl =|cs1 = \/
v

C




Sound waves (cont.)

 Example: Adiabatic case

y _ dp

S dp g

* No heat exchange between fluid elements; compressions heat up and rarefactions cool
down from pdV work

C

° p:Kp’Y
d
= d_]? :”yK,(ﬂ_lzE
Pls P

YR A
— Cs, A —
I




Sound waves (cont.)

* Note about these two examples:

* \We see that ¢, and cs.a differ by only /7

* Thermal behaviour of the perturbations does not have to be the same as that of
unperturbed structure.

* £.9., Earth’'s atmosphere

 Background is approximately isothermal

e Sound waves are adiabatic

« Waves for which ¢, Is not a function of w are called non-dispersive.

* The shape of a wave packet is preserved




Sound waves in a stratified atmosphere

* Move to more subtle problem of sound waves propagating in a fluid with backgrounad
structure

e Let’'s consider an isothermal atmosphere with constant g = —gz
e Horizontally traveling sound waves are unaftected by the vertical structure

e Let’s just focus on z-dependent terms, taking v = v2

e Continuity and momentum equations are:

dp 0O B

ov ov 1 Op

ot 0z p 0z I (5-4)




Sound waves In a stratified atmosphere (cont.)

 And the equilibrium is
Uy — 0

R.T
—pe #/H  H=-—
z) = pe =
po(2) = p ”
R.T o
po(2) = = =po(z) = e~/

» Consider a Lagrangian perturbation:
v — Av

po — po + Ap
po — po + Ap




Sound waves In a stratified atmosphere (cont.)

e Rememberthat op =Ap—&-Vp

0
0p = Ap — &%

Opg Eulerian to Lagrangian perturbation relation
op=Ap =&

e and

2Nnd order




Sound waves In a stratified atmosphere (cont.)

e Substituting perturbed quantities into the Eulerian continuity equation

ot #)+ [0+ #)#,] = 0

| {
!-ll 1| !IIO ! } |
T ot !#EE +G( 0 Vg)=O
= () —
" " #0175 17 ™ 5 11y,
| I 1 " —
> Attt Ttz A P Vet o T
] " " |
oy, 9 0 V2
I
" It
] v,
= 1 + o E =0 (55)




Sound waves In a stratified atmosphere (cont.)

* A similar calculation for the momentum equation gives

Ly, _ 11lp
't "y !z
lv, @it 50 p

= T Tz T s (>:6)

* To perform this calculation, need a relation that is obtained from the Lagrangian
continuity equation;

D!
—+ 11 av=0
Dt
,II# | | |
— T+ 1l aw 1t =0 (integrating over a shot time At)

= 1 +150 8 =0




Sound waves In a stratified atmosphere (cont.)

e Let's now derive the wave equation and dispersion relation.
121" 1y,

+ IIO_

| 2 1 Z It

2rt o T2

| - —
- 02 %z vz 0

e Take !/!tof (5-5): =0

* where the last step involved substitution from (5-6)

* |[f the medium Is isothermal then ¢, Is independent of z

1 2] " cz 14" cC1"og!!
| £2 !"0}6'22+'O"2'z | 7 =0
- . O -
| 2] | 2] " " 0
| t2 | 72 "oz 1z
normal sound _—" '\ extra piece associated

wave equation with stratification



Sound waves In a stratified atmosphere (cont.)

e Now,
!I_O: !_:"_'e! z/H
| 1z
1 , '0
— | Tk ZH =1 =
T H
¢ SO,
2 " 2 1 1
SR BT L
| t2 | 72 H 1|z
e Look for solutions of the form 1 11 gkz! 1)
14
1 12=1 2k? + 2 IK
= K+ 6
2_ 2 2, K | | |
= |!“=q k! ) Dispersion relation




Sound waves In a stratified atmosphere (cont.)

e \We can also write this as

' 2
k? | 5! . 0
H &
* Solve the quadratic for k(w):

121
- — _+
2H = @2 4H?

K

e Let's take weR. We have two cases to examine to understand the implications of this
dispersion relation.




Sound waves In a stratified atmosphere (cont.)

e Casel: ! >cy/2H

» Examine the real and imaginary parts of k& Imk =1/2H

Rek = + — 1 —

e SO the density perturbation is

| 2/ 2H Li(x (! /cy)2! (1/2H)2z! | t)

(1) (2)

* (1): Exponentially decaying amplitude with increasing height

e (2): Wave with phase velocity: | o 1
= — K| + — ) ALl
Vph K’ Cy Z2H

where vph 1S function of w, meaning that the wave is dispersive
Wave packet consisting of different w's will change shape as it propagates




Sound waves In a stratified atmosphere (cont.)

« As before, we can relate Av to 4p:
! ! 11

1o K
l z/H

| v, =

ewith 111 %2 151 e

e Giving 1 v, | e"Z2H 111451 g"?2H

* Thus the perturbed velocity and the fractional density variation both increase with height.

e [N absence of dissipation (e.g. viscosity), the kinetic energy flux (! 4pAv) is conserved and

the amplitude of the wave increases until ! v! ¢, ! 1/lg! 1
where the linear treatment breaks down and the sound wave “steepens” into a shock

* In the absence of dissipation, an upward propagating sound wave from a hand clapping
would generate shock Iin the upper atmosphere.




Sound waves In a stratified atmosphere (cont.)

e Casell: ' <¢c,/2H

* [n this case, we find that & Is purely imaginary.
|1 e|k|Zei! t
* This Is a non-propagating, evanescent wave,

* [n essence the wave cannot propagate since the properties of the atmosphere change
significantly over one wavelength, giving rise to retlections.




