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GGravitation

e Define the gravitational potential ¥ s.t. the gravitational acceleration g is
g=—VV¥

e |t/ is some closed loop, we have
j[g-dl:/(ng)-dS:—/[Vx (VW) -dS =0
z S S
=0
e SO gravity Is a conservative force - the work done around a closed |loop is zero

 As conseqguence, the work needed to take a mass from point r to o s

—/OOg-dl:/:OV\I!-dl:\IJ(oo)—\IJ(r)

r

which is independent of path




Gravitation (cont.)

* A particular important case is the gravity of a point mass,

GM , -
U = if mass at origin
T
GM | .
U = ;I mass at location r’
=7

e For system of point masses we have

* Replacing M; — p;0V; and going to the continuum limit

() =G [ pr') =1

r — 7|3

dV’




Gravitation (cont.)

* Take divergence of both sides

o
vr-g:—G/m')vr- T gy

=77

= —47?6’/,0(7“’)5(7“ —r")dV’

= —4nGp(r)

= 47d(r — r')

* S0 |V.g=-V*U = —4xGp| Poisson’s equation

* \We can also express Poisson’s equation in integral form: for some volume ¥ bounded

by surface S
/ V.-gdV = —47TG/ odV
V |4

_ / g-dS = —4nGM This is usetul for calculating g when the mass dist.
S obeys some symmetry




Set of Hydrodynamic Equations

 Now we have the full set of equations describing the dynamics of an ideal (inviscid, dilute,

unmagnetised) non-relativistic fluid:
op . .
> -V - (pv) =0 Continuity equation
ov .
v -Fp(v-V)v=—-Vp+ pg Momentum equation Total energy
1
VU = 47Gp Poisson’s equation E =p (502 + VU 4 5)
OF oV -
5 FV - [(E+p)v|=p 3 0Qcoor  ENnergy equation Internal energy
L I t (monoatomic)
B
D = pl —0S for ideal gas 9
(T p c_ P

_2,0




Hyadrostatic Equiliorium

e Hydrostatic equilibrium: fluid systems are static equilibrium with pressure forces balancing
gravity.

e A fluid system iIs in a state of hydrostatic equilibrium if
v=20, /0t =0
e Then continuity equation is trivially satistied

« Momentum equation gives

0
/512 (/Yf)v:—Vp—pV\I!:()

resulting In

1_ equation of Assuming a barotropic EoS p = p(p),
oVh=—VY hyd | libri -
p yarostatic equliliorium — this system can be solved.




Hydrostatic Equilibrium (cont.)

 Example: Isothermal atmosphere with constant g (externally imposed)
* SUPPOSE g = —gZ

 Equation of hydrostatic equilibrium with isothermal equation of state reads
R+

A - lvp = VU =—g2 isothermal = p= —p1
P
gz = p=Ap A=const.
= Inp = const.
A
= P = PoCXP & Z
R

.e., exponential atmosphere

« Example: Earth’'s atmosphere: 7~300K and u~28 = e-folding ~9km

 The highest astronomical observatories are at z~4km, so have p and p~60% of sea level




Hydrostatic Equilibrium (cont.)

 |f system is self-gravitating (rather than having an externally imposed gravitational field),
we have

VU = 47 Gp
* This must be solved together with the equation of hydrostatic equilibrium




Stars as Self-Gravitating Polytropes

o Consider a spherically-symmetric selt-gravitating system in hydrostatic equilibrium:;
we will refer to this as a “star”

e \We have
dp dW

Vp=—pV¥ = -~ =—p—— (spherical polar)

e Now, p > 0 within star = p is monotonic function of ¥.

@_dpd\lf__d_\lf R - dp
dr  dVU dr 'Odfr’ P = AW

e SO p IS monotonic function of Y.

p=p¥),p=p¥) = p=pp)
* |.e, non-rotating stars are barotropes.




Stars as Self-Gravitating Polytropes (cont.)

* A barotropic EoS can be written as
+1/n

p=Kp
e Where In general n = n(p)

* when n = const, we have polytropic EoS and the structure is called a polytrope.
 Real stars are in fact well approximated as polytropes
* Note that in general we will have

1
14+ — #7~
T

e Weonlyhave 1 +1/n=~(i.e. P X p’ ) If the star is isentropic (constant entropy
throughout) due to mixing by convective motions etc.




Stars as Self-Gravitating Polytropes (cont.)

 Assuming a polytropic EoS, the equation of hydrostatic equilibrium gives

—th:%V(KpHny:@p+nv(Kﬁﬁﬁ

Ur— ¥\
— Yr=¥ where p =0, the surface
-7 ([num) ! S

o |If the central density is pc and central potential is ¥,

A Z AN
Pe = n+ 1|K
e SO we can rewrite

B Uy — U\ "
P = Pc U, — 0,




Stars as Self-Gravitating Polytropes (cont.)

Feeding this into Poisson’s equation gives

Upr — U\
VU = 47Gp, (\IJ;F— \ch)
Define 6 = (U — ) /(U — W,.), we then get
V29 = ﬁ;f’)\;cen
In spherical polar coordinate, this becomes
1 d [ ,db drGpe .,
r4 dr (T %) B \IJT—\IJCO

Defining a scaled radial coordinate € = r+v/(4nGp.)/(¥r — U,) , we finally get

1 d [ ,db . i | |
€2 ¢ § e ) —0 _ane-Emden Equation of index n




Stars as Self-Gravitating Polytropes (cont.)

* The appropriate boundary conditions for the Lane-Emden equation are
0 =1, do/dé =0 at &0. (Zero tforce at £ =0, enclosed mass — 0 as é—0)

* The Lane-Emden equation can be solved analytically for n=0,1 & 5; otherwise solve
numerically.




Stars as Self-Gravitating Polytropes (cont.)

- Solution for n=0

* This is a somewhat singular case, physically corresponding to a fluid that is constant
density and incompressible

Ld (,d0N . d [ ,d0\
52(1&(%_5)_ re=-t= d§<€d§)_ :

do 1 & C
2—:——3—0 — I I
= fdg 3€ = R - D
e Weneedf=1até=0=C=0,D=1
2
0 =1 :
6

e Not discussed for solutions for n=1 or n=5 cases.




|sothermal Spheres

e The isothermal case p = Kp corresponds to n — «. Let's combine

dp dW
_ J—
e - and p= Kp
U K dp
= dr 0 dr = H(IO/IO )

* From Poisson’'s equation

VU = 47Gp
1 d [ 5d¥
“T) =4
~ 24y (T d?“) mGp

K d 1 dp
= 2 — 4
r2 dr (r pdr) mGp




|sothermal Spheres (cont.)

. Let p=pc€ " (defining ¥.=0), and set

e With¥W=d¥/dé=0até=0

* This replaces the Lane-Emden equation in the case where the system is isothermal.




|sothermal Spheres (cont.)

e At large radii, solution: p < -2, so the enclosed mass o r

* The mass of an isothermal sphere of self-gravitating gas— o« as the radius — o

e This is why we cannot adopt our usual convention of defining ¥ =0 at o«

* [0 be physical, isothermal spheres need to be truncated at some finite radius.

 Needs to be some continuing pressure by an external medium

e [hese are called

SBonner-

—bert spheres, whose density profile depends on &

e Example: dense gas core in a molecular cloud is well-described by a Bonnor-Ebert

sphere.




Scaling Relations

* In many circumstances, stars behave as polytropes, e.qg., fully convective stars with
p - p close to the adiabatic relation.

e |n such a star, assuming monatomic gas with y=5/3, we have p = KP5/3 —n=3/2

o Consider a set of stars which share a given polytropic index n and a given adiabat K

o They will then form a one-parameter tamily characterised by their central density p.
o Find how mass and radius vary as function of p.

e = p. eliminating obtain scaling relations relating the mass and radius




Scaling Relations (cont.)

« All stars with given n have the same 0 (&) since the Lane-Emden equation does not

depend on p.

U — U]
Tl )K] T Up — Vo= K(n+1)p:/"
47TGIOC 4" G#g.l 1/n
£ = r = | = [
IR K (1+ n)
B Upr — W n_ on
= Pe \I]T_\ch — P




Scaling Relations (cont.)

e The surface of polytrope Is at & = &max defined as location where we have 0 (§) =0

* et rmax D€ the corresponding physical radius.
* Jotal mass of the polytrope Is

" I max

M = Al r2"dr
0 | 3/ 2 #
4| Gllg.! 1/n !max
= 41" # $°d
© K@+ n) 0 v
1(21 1) same for all
= M &' polytrope of index n

e From definition of & we also know that

(11
Mmax !é(” )




Scaling Relations (cont.)

e Eliminating p. gives

3! n

M ! R Mass-radius relation for polytropic stars

o For y=5/3, n=3/2 thisgives M ! R°3orR! M' Y3

* [his suggests more massive stars have smaller radil.

* This relation actually works well for white dwart (where polytropic EoS is due to e
degeneracy pressure rather than gas pressure)

e But for most main-sequence stars we observe M « R
e \Why"




Scaling Relations (cont.)

 Reason Is that star do not share the same polytroic constant K
e | et's write the temperature at the core in terms of the central density and K

p:K!1+1/n ' . Tzﬁll/n
P= RT!!T © R €

* Nuclear reactions in the core tend to keep T. similar in the cores of stars of different
Masses.

* \We can say that

l 1/n
K11

e Substitute this into above expression for mass when n = 3/2 gives

ML Ltz gtz o M1 R

C C




Scaling Relations (cont.)

e \When can the K=

const., relation be applied?

 Answer: when new mass Is added to a star adiabatically and the nuclear process
have not had enough time to adjust = the situation in white dwarf.

e For Sun:

e time to adjust to new hydrostatic equilibrium: &t ~ R/cs ~ 1day

 time to lose signiticant energy: tm ~ Eiw/L ~ GM2/RL ~ 30Myr

e SO mass loss/gal
true thermal equi

ibrium Is reached after a m

N is followed by rapid re-adj

ustment of hydrostatic equilibrium but

uch longer time.




Scaling Relations (cont.)

 Example: spherically rotating star

o Spherically rotating star with angular velocity £ gains non-rotating mass.
e How does 2 evolve”

o Conservation of angular momentum gives MR282 = const. SO it 2 — Q+AQ

n 7
MR2" +" (MR%)=0 = - =1: (MR")
" MR 2
e Butwecanuse R! MW mi@n)
3 1" :M(5! 3n)/ (3! n) — 3 | " - 5" 3n I M
1 3" n

® SO .
" <0 if B! 3n)/B! nN)>0  (e.g., n=23/2)Spin down

- M>0= v <oif 51 30)/(3! N)<0 (eg.n=2)Spinup




