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-luld approach to plasmas

e Fluid approach describes bulk properties of plasma.

* \We do not attempt to solve unique trajectories of all particles in plasma. This
simplification works very well for majority of plasma

* Fluid theory follows directly from moments of the Boltzmann equation in kKinetic theory

o] of _ (Df
Fu-Vf+ —[E+uxB —L ] |
Ot / m[ T | v (Dt )Coll Soltzmann-Maxwell eqLFann
external torce: Lorentz force

» Resulting equations provide the macroscopic transport equations  (following previous lecture)

0
87; -V - (nv) =0  continuity equation

on _ equation of motion
e Ot (v V)v_ = qE+vxB)=V-P+F (momentum equation)




Single fluid theory

 Under certain circumstances, appropriate to consider entire plasma as a single fluid
* Do not have any ditference between ions & electrons
 Approach is called magnetohydrodynamics (MHD)

* General method for modeling highly conductive fluids, including low-density
astrophysical plasmas

e Single-tluid approach appropriate when dealing with slowly varying conditions

« MHD Is usetful when plasma is highly ionized and electrons & ions are forced to act in
unison, either because of frequent collisions or by the action of a strong external
magnetic field




Single-tluid equations for fully ionised plasma

 Can combine multiple-fluid equations into a set of equations for a single fluid

* Assuming two-specials plasma of electrons and ions (j = e or i):

on;
2L £V (njo;) =0 (10-1a)
. -
m;n; ;t] (v - V)vj| = =V - Pj+qn;(E+vj x B) + P (10-1b)

e For a fully ionized two-species plasma, total momentum must be conserved:

Pei:_Pie

* As mi » me the time-scales in continuity and momentum equations for ions and electrons

are very different. The characteristic frequencies of a plasma, such as plasma
frequency or cyclotron frequency are much larger for electrons.




Single-tluid equations for fully ionised plasma (cont.)

* \When plasma phenomena are large-scale (L » Ap) and have relatively low frequencies
(w < wplasma aNd @ < weyclotron), ON average plasma is electrically neutral (ni ~ ne).

Independent motion of electrons and ions can then be neglected

e Can therefore treat plasma as single conducting fluid, whose inertia is provided by
mass of ions.

* Governing equations are obtained by combining egn (10-1)

» First, define macroscopic parameters of plasma fluid:

0= NMe +n;m; >~ n;m; Mass density n”’/f_v Te
Pe = Neqe +1;q; =0 charge density de — —4i
J = neqeve + niqiv; = nege(ve — v;) electric current me < my;

v = (NeMeVe + nymiv;)/p (center of mass) velocity
P =P, + P, total pressure




MHD mass and charge conservation

on ;
8; | V - (njfvj) =3\

 Multiply by giand g. and add continuity equations to get:

e Using eq (10-1a):

0P
ot

-V - (J) =0 | charge conservation

* where J Is the electric current density: J = n.q.v. + n;q;v;and the electric charge:

. Pe = NeGe t N4,
 Multiply eq (10-1a) by mi and me

op
Ot

-V - (pv) =0 | mass conservation / continuity equation

e where p = neMe + NyM; s the single-fluid mass density and v is the fluid mass
Ve OCity V= (nemeve -+ nzmzvz)/p




MHD equation of motion

* Equation of motion for bulk plasma can be obtained by adding individual momentum
transport equations for ions and electrons

e LHS of eq(10-1b): v

sty

5 (vj - V)v;

 Difficulty is that convective term is non-linear.

e But note that since m. <« m; contribution of electron momentum Is much less than that
from ion. So we ignore it in equation

 Approximation: Center of mass velocity Is ion velocity:

e | HS:

_a’vj j ) _8’0 | ]
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MHD equation of motion (cont.)

e RHS of GQ(10-1b)Z —V - (Pe —+ Pz) —+ (neqe -+ niqi)E +J x B
~ ()

* In general, second term (Electric body force) is much smaller than J x B term. So we
ignored

e Therefore, LHS+RHS:

o :
Ay F(v-V)v| =-V-P+JxB| equation of motion

* For an isotropic plasma, v - P = Vp Wwhere total pressure is p = p.+ piand

> i
P (‘;tj F(v-V)v| =-Vp+J x B equation of motion




MHD equation of motion (cont.)

e o.E term is generally much smaller than J x B term. To see this take order of
magnitudes

e from Maxwell's equations:
V'E:pe/Go SO ,OGNEE()/L
VXB=puyJ so oFE~j~ B/ugL

e Theretore,

pell € ( B? )2 Lo L?/c? (light crossing time)2

iB L \woL) B2 (oo L?)? ~ \ resistive skin time

* This is generally very small number.

« Example: small cold plasma, Te=1eV, L=1cm, this ratio is about 10-8




Generalised Ohm’s law

* The final single-tfluid MHD equation describes the variation of current density J

e Consider the momentum equations for electron and ions (eq.12-1b):

ity

. |
L+ (v V)v; | = =V P+ i (E +v; x B) + P,

* Multiple electron equation by g./m. and ion equation by gi/m; and ada:

oJ _ ng°Pe szpz

E e T

. (nqu | 7%%2) E

Me T

(We ignore second term of

LHS as we dealing with 2 2
Y + (e y, + Dy ) x B
small perturbation) m. m;

| de Pez’ | q; Pie

Me T,




Generalised Ohm’s law (cont.)

 For an electrically neutral plasma [gene| = [gini| and using J = neqeve + niqiv;
and v = (nemeve + nym;v;)/p , We can write

of _ tg.p, Yy p,
Ot Me m;
neq2 niQ’Q
+( = @)(E+v><B)
e T

+(q€ 1 %)(JxB)
MNe T,

4 ( de q; ) Pei
Te T,

e AS me K Mj — qe/me > q;/mi  and  neqs/me > n;q;/m; . In thermal equilibrium,
Kinetic pressures of electrons is similar to ion pressure (P. ~ P;)
e

2
0T _ ey .p gy B+ L TxB) + L P, (10-2)

ot Me Me Me Me




Generalised Ohm’s law (cont.)

» The collisional term can be written: P.; = ng“n?(v; ! wv.)

o where 7 is the specific resistivity, g2 relates to fact that collisions result from Coulomb

force between ions (gi) and electrons (ge) and total momentum transferred to electrons
In an elastic collision with an ion IS v — ve

* Now gi= - ge and ne = nj and J=neqe(ve-vi), = Pgi = | NeOe! J

* £Eqg. (10-2) can be written as

2 2
o e gp M E L vaB)r 2o #B) 2%wa | (10-3)
! me me me me

e where U is atensor. This is generalized Ohm's law




Generalised Ohm’s law (cont.)

e For a steady currentinauniform E, 'J/!'t=0,! 4P =0 and B =0 so that

E=1!1J! J=1/'E

* In general form, the electric field E can be found from Eqg (10-3):

=iy Bl LD T gays Me I
NeCe NeGe NeGe T

» Consider right-hand side of this equation:
- First term: E associated with plasma motion

- Second term: Hall effect

- Third term: Ambipolar diffusion from E-field generated by pressure gradients

- Fourth term: Ohmic losses/Joule heating by resistivity

- Fitth term: Electron inertia




One fluid MHD Ohm’s law

e (Generalized Ohm’s law

1 J NeQ? Nes . .
1 ke oap o+ e Ly Bo#B) pal
! i me me me me
* Now assume plasma is isotropic, sothat | aP =1 p

* Also we neglect Hall eftect and Ambipolar ditffusion in generalized Ohm’s law since not
important in one-fluid MHD.

e For slow variations, J = const., SO can write generalized Ohm’s law as:

NeCZ NeQZ
0= "% E +y1 By D%,
Me Me

 Rearranging gives,

J=1(E+v! B) | One-fluid MHD Ohm’s law

 Where o = 1/n is electrical conductivity




Simplified MHD equations

A set of simplified MH

D) equations can be writ

dp

at 'v(pv)
Ly _
,U_at |(’U°V)’U_
E+v! B =1J

= (

—Vp+dJ X B

en.

continuity equation (conservation of mass)

equation of motion

one fluid MH

D Ohm’s law

Fluid equations must be solved with reduced Maxwell equations

B = HoJ,

| B

E_#—t
l'aB =0, ! aE =0

(displacement current term is ignored for
low frequency phenomena)

Here we have assumed that there is no accumulation of charge (i.e., pe =

0, charge neutrality)

Complete set of equations only when equation of state for relationship between p and n (p) Is

specified.

p/!

= const.




Plasma pbeta

* The MHD equation of motion contains J x B term, which can given rise to effects that are
similar to those of the pressure term

1

* Currentisgivenby J= —1" B
Ho
* Taking cross product with the magnetic field,
1 1 | ] BZW“IJ
JIB=—-("! B)IB== (B&)B#
Ho Lo 2

* Inserting into MHD equation of motion

ERY 1 i BZ "~
Il — +(va v = —(Ba )B"! + —
T ( ) llo( ) P TR

* In second term of RHS, the first term acted on by gradient is plasma pressure and the
second term Is magnetic pressure.




Plasma beta (cont.)

* [he dimensionless parameter, plasma beta:

. ZHoP
53

plasma beta

* 8 « 1. dominated by magnetization effects

* 8> 1: behaves more like a fluid




Ihe Induction equation

e Taking the curl of one-fluid MHD Ohm'’s law:

1
1" E=#" (v" B)+ T!" J
e Assuming o = const. Substituting ford = 1" Bl/ug from Ampere’s law and using the
law of induction equations (Faraday’s law):
|
15 g (v#B)+i#(# B)

I Ho
* The double curl can be expanding from vector identity

B 1 1

| =I"# (v#B)+ —" (" &B)! —" “B
i ( ) Mo ¢ ) Mo

 The second term in R.H.S. is zero by Gauss’s law (! 4B =0 ). SO

| B 1
— = " (v" B)+ HTI ’B MHD induction equation




The induction equation (cont.)

 The MHD induction equation, together with mass conservation, equation of motion,
and EoS, a close set of equations for MHD state variables (p, v, p, B)

dp B
Mty 1 i B2~
Il —+(va )v = —(B a )B"! + —
(A = @A) P+ o
p/!’ = const.
'B ., . 1 5
o= (v B)+ Ho—"! B
* Here,
J=1" Blug

E=1v" B+ J/!




ldeal MHD

* In the case where the conductivity is very high (c—x), the electric field is E=-vx B

(motional electric field only). It is known as ideal Magnetohydrodynamics.

* A set of equations:

g’; -V - (p,v) — () continuity equation
o V ) 1 ] ' BZ -
Il —+(va )v =—(Ba )B"! P+ —
Ho 2H0
p/!’ = const. equation of state
| B
T 1" (v" B) induction equatign

(conservation of mass)

equation of motion

e This is the most simplest assumption for MHD. But this is commonly used In

Astrophysics.




Magnetic tfield behaviour in MHD

« MHD Iinduction equation:

| B 1
— = I" " B)+
| t (v ) Lo

B) Dominant: convection

| 2R

1" (v

- Infinite conductivity limit: ideal MHD.
- Flow & tield are intimately connected. Field lines convect with the flow. (flux fleezing)

- The tlow response to the field motion via J x B force

e (L/po!)! B Dominant: Diffusion
- Induction equation takes the form of a diffusion equation
- Field lines ditfuse through the plasma down any field gradient

- No coupling between magnetic field and fluid flow here using

_ Characteristic Diffusion time: |! = Ho" L% = HoL?/ # l =1/L




Magnetic field behaviour in MHD (cont.)

e Ratio of the convection term to the diffusion term:

—arth’'s magnetosphere

vB /L Magnetic Reynold’s

Ry = = Up! VL
M B/ug! L2 HO number

e |t Rmis large, convection dominates,
magnetic field frozen into the plasma.

e Else it Rm 1S small, diffusion dominates

* |n astrophysics generally, A IS very large.

- Solar flare: 108, planetary magnetosphere: 101

e But, not large everywhere

- Thin boundary layers form where Rm~1 and
ideal MHD breaks down




Magnetic field behaviour in MHD (cont.)

* Rewrite continuity equation:
|
'I_t — | 1 (II é.V) | (V éll )II

- first term: compression (fluid contracts or expansion)

- Second term: advection

* The induction equation (ideal MHD) can be written as, using standard vector identities:

%: I'B(" av)! (va' )B +(B a" )v

 Equation Is similar to continuity equation

- First term: compression
- Second term: advection

- Third term: new term describes stretching. It is related magnetic field amplification




Flux freezing

e Alfven’s theorem (1947): “tield is frozen into the fluid”

e This is extremely important concept in MHD, since it allows us to study the evolution of
the field by finding out about the plasma flow

|
« MHD induction equation: % =1" (v" B)

* The magnetic flux though a closed loop /: ! g ! B andS
|

* \Where dS is the area element of any surfaces which has / as a perimeter. The quantity
dp Is iIndependent of the specific surface chosen, as can be proven from 1 4B =0

|
e S0 the flux freezing law Is expressed as: dl g =0

dt
e Where use total derivative d/dt 1o iIndicate that the time derivative Is calculated with

respect to fluid elements moving with the flow




Flux freezing (cont.)

 The quantity @z Is not locally defined. n

; N
So explicit calculation for its time derivative ¢{t+an
e Consider a loop of fluid elements [ at two

iNnstants In time, ¢ and At

e Two surfaces S1 and Sz have [(r) and [(t+A¢)

e “cylinder” 3 generated by the fluid motion
between the two instants of the elements making up /.

o Let & be the flux enclosed by / and ®g; be the flux through surface S1 (similarity for $>
and S3)

e Then 9'B _ im Clga(t+ ") gg(t)
dt It 0 "t




Flux freezing (cont.)

e From! aB =0 the net flux through the surfaces at any time is zero
Pl ga(t+ ")+ go(t+ " 1)+ T pa(t+ " 1)=0
* (Note that negative sign indicated as inward into the volume)

* We can eliminate ®g2(t+Af) and use definition of flux in expressing ®@s1 & 3

| | “
“B_im L B+ )1 B(t) aidS! B abdS  (10.4)
1

dt 1t 0 1 g S3

e The first term in RHS in eq (10-4):

B .
l—andS
g1 1

* The area element for Sz can be written BdS = (dl! v)! t, where dlis a line element of
the loop of fluid elements.




Flux freezing (cont.)

* The second term in RHS of eq(10-4):

B andS =

S3

S3

* S0 finally putting these results into eq(10-4) :

d g
dt

B a(l! v)!t= (v! B)adllt

I(t) (1)

B andS =

| B

I 1

" (v" B)andS! t
S1

Stokes theorem

* By using Stokes theorem to convert the line integral to a surface integral

Fdl =

S

F dS

"# (v#B) aodS=0




Magnetic pressure and curvature force

e | orentz force: :
1 1
J!B=—("! B)l B=— (Ba")B#"
Ho( ) Ho ( ) 2

e First term: magnetic curvature force, which relates to rate of change of B along the
direction of B

TP
BZ

e Second term: magnetic pressure

» To show the role of magnetic curvature force, we consider B = BB,where B is the local
intensity of B and B is unit vector

e The Lorentz force then becomes

' B2 i
Fp=1" + BB &"




Magnetic pressure and curvature force (cont.)

e Combine first two term:

" B2 B2.. .
FL=1!" — + —B&a"' B
- " 2u0 o
e Where ' ! is the orojection of the gradient operator on a plane perpendicular to B

e Second term contains the effects of field line curvature
* [ts magnitude Is :Bzgé, Ql _ B
| - |
" Ho " HoRc

B

. where Rc =1/|B4&' B is radius of curvature of path B

« ( Bal" !/!s jsthe derivative along a field line )

* The curvature force is directed toward a center of curvature (D). It is often referred as
hoop stress




Magnetic stress tensor

* The most useful alternative form of Lorentz force is in terms of magnetic stress tensor

o Writing a vector operators in terms of permutation (Levi-Civita) symbol ¢, one has

"B
[('" B)" B]l = lik!im Bk
X] o |
"B _evi-Civita symbol is
= (#Ha#m # Hm#h) X Bk related to Kronecker delta
! 1
= —(BiBx# =B%#
"Xk( | DK 5 #Ik)
* where the summing convention over repeated indices and 1 38 =0 have been used.
* Define the magnetic stress tensor M: |M;; = 2L11 B2l | uiBiB,-
0 0

* The Lorentz force is written as: ui(!" B)" B=# &aMm | (10-5)
0




Viomentum equation

* From equation of motion and continuity equations

IlV ) ||
+ lva v=

Ilt Ilt

|

= I'—t("v)+ L a("vv)

('v)+ vl a(lv)+!lval v

* Using definition of magnetic stress tensor, the momentum equationis( B! B/ g
for S| unit)

-

| : -
—("v)+ ! a("w)+ p+ }BZ |" BB =0 I is three-dimensional
A 2 identity tensor
!
M +1 a =0
I 1
M;=1lv; Momentum density
| 1
| i = !ViVj + P+ “B* "ij | BiBj =0 Stress tensor

2




Conservation form of ideal MHD equation

- 1

(")
L ("V')+
" 1 1 i
“"v2+ "E+ ZB? +
2 2
(B') +

. Z"v?+ "E+ p+B? VI (BIV)B' =0

i("V) =0,
- o2
!i,..VVJ+ p+ —-
1
2
(VB! B'V)=0
1(BY=0
p=(!1 1)"E

#

#
#

mass conservation

$

BiBj =0 momentum cpnservation

$

energy
gonservation

iInduction equation

ideal equation of state

Neglecting gravity force.

This form Is often used In numerical simulation.

¢: Iinternal energy




Poynting flux

* From energy conservation equation, energy flux is

1 " 1
Y I ZIvi+ v+ —(B%/" v 4BB
2 || 11 1p l'1()( )

* [his compose hydrodynamic part and magnetic part

* The magnetic part can be transtormed:

1
Yem ! —(B%v" v&aBB)
Mo
11 1
= —(V# B)# B
Ho
- | E#B

* This is called Poynting flux (Poynting vector), which represents the flow of
electromagnetic energy




ENntropy conservation equation

* The best representation of the conservation form of MHD equation is in terms of the
variables, p, v, p and B.

* A peculiar additional variable is the specific entropy s

e For adiabatic process of ideal gas, conservation of entropy Is

DS 'S
- | S + Z11 —
ot T (va' )S=0
e But this Is not in conservation form (but expresses the conservation of specific entropy

co-moving with the fluid)

* A genuine conservation form is obtained by variable pS, the entropy per unit volume

|
I'—t(" S)+ ! a("Sv)=0 —ntropy conservation equation




