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INntroduction

* \We focus on a microscopic description of astrophysical gases, using a so-called kinetic

theory

* [n most, we will consider atoms and molecules to be a point-like particles moving in space
and interacting through collisions
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Particle distribution function

e The number of particles in phase space (x, u) € R6 is described by particle distribution
function flx,u.t)

e With @3xd3u a volume element in phase space, dN = f(x,u,t)d’zd>u give the number of
particles with positions, velocities and time.

* Integrating over the entire phase space, the total number of particles in the system is

NtOt :/ fd?’a’;dgu
R3 JR3

* Here fis number density distribution function




Particle distribution function (cont.)

e Alternatively, one could describe the system using the mass density DI fm where
dM = f,,d°zd°u

e fand f, are proportional: £, = mf, where m Is the particle mass
* [he total mass in the system is simply

Mot = / fmdgxdgu = Niotm
R3 JRR3

* Another alternative formulation is to use the probability density DF f,, which express the
probability of being inside a phase space element. This DF is normalised to 1

1 :/ frd®zd>u
R3 JR3

* One can recover the number density DF by multiplying with the total number of particles:

f — Ntotfp(m7 u, t)




Vioments

* Let's f{x) be any function that is defined and positive on an interval [a, b].

e The moments of this function is defined as

zeroth moment: M, = / F(x)da
b
first moment: M, :/b zf(x)dr

second moment: M =/ x* f(x)dx
b

N-th moment: M, = [ x"f(x)dx




Moments (cont.)

* [n particular case, distribution Is a probability density, p(x), then
My =1

My = / rp(x)dr = (r) = mean(x)
b
My = / r*p(z)dx = variance(z)
b
* Higher order moments correspond to skewness and kurtosis.

e Skewness: a measure of symmetry or lack of symmetry

e Kurtosis: a measure of whether the data are peaked or tlat relative to normal distribution




Moments of the particle DF

e Other quantities can be derived by taken in the moments of the particle distribution
function.

* By integrating out the velocity dependence, one gets the zeroth order moment, or the
number density

n(x,t) = flx,u,t)du
R3

* One can also define the mass density

p(x,t) = mn(x,t)




Moments of the particle DF (cont.)

*he first order of moment, the fluid momentum m(x.t), is defined as

m(x,t) = mf(x, u,t)udu
R3

e and is used to define the fluid bulk or macroscopic velocity v(x,t) as
m(ma t) — ,0(213‘, t)’U(ZB, t)

* At each position and time, an important new variable can also be defined as the microscopic
relative velocity

w=u—v(x,t)

e also known as thermal velocity.




Moments of the particle DF (cont.)

* [n general, arbitrary moments can be defined as

Q. t) = / () f (1)

* with ¢: a function of particle velocity

* A fundamentally quantity can finally be defined as the second order moment of the
distribution function, this is fluid total energy

1
—mu’ f(x,u,t)d’u
s 2

E(x,t) =
« Using the thermal velocity and the relation u* = w? + 2w - v + v* , one obtains
immediately the relation

1 1
E(x,t) = §PU§D T 510“2 (3-1)




Moments of the particle DF (cont.)

* where we used following property of the thermal velocity

flx,u,t)wd’v =0
R3

* and we Introduce the one dimensional, component-wise microscopic velocity dispersion
n(z,t)o; (x,t) = [ flz,u,t)w;du
R3
* and the total or three dimensional velocity dispersion as

2 2 2 2
USD($7t) — Oy + Uy + U,

* \We can now interpret eq.(3-1) as the sum of the fluid thermal energy, which is the kinetic
energy associated to microscopic relative motions and the bulk kinetic energy, which is the
kKinetic energy associated to the bulk, average macroscopic flow




Boltzmann equation
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e Elementary mechanics states that a trajectory in phase space is defined to first order by

Tr = xg + wodt

u = ug + a(xg, ty)dt

* where the position x and the velocity u are independent variables.
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Boltzmann eqguation (cont.)

e The new volume element %V = d3zd>w is related to d°V; through the Jacobian of the
coordinate transformation:

B 1 dt | da o
‘J| Bl (@) At 1 =1 — (@) dt

» Using d°V = |J|d°V,, we deduce

~ —d°V, (%) dt — 0 when dt — 0O
X

d°V — d°V,
dt

e [N other words, we have

D
— (d°V) =
T (d°V) =0




Boltzmann eqguation (cont.)

* This means the volume element is conserved or d°V, = d°V
* [his result iIs known as Liouvilles theorem

o |f particles can not be created or destroyed, the particle distribution function is also
conserved since

dN() — deSZEQdSU()
dN = fd°zd’u
* leads to
f(il?‘(t() -+ dt), ’U,(t() -+ dt), t() -+ dt) — f(il?(), Uop, t())




Boltzmann eqguation (cont.)

* This Implies that the total time derivative of fis also zero, which can be expressed, using
partial derivative and the chain rule, as

Dt 0w TV au T 7Y

* This equation gives the time evolution of the particle distribution function and is also called
Viasov equation

e One can rewrite this as

of . of  Of _
Ot oxr ou

0

* Note that this Is partial differential equation in 6-dimensional phase space




Boltzmann eqguation (cont.)

e SO far, we have not taken into account any collisions.

e Binary collisions can add or remove particles from a phase space element.

* The change In particle number is expressed by the collision term

Df\  (Df Df
(E)COH B (E)in - (Ft>out

* Finally, we get the Boltzmann equation

o] - u - o1 . of _ (D—f) (3-2)
coll

ot 8azla.8u_ Dt




Binary collision

/
U 1 11 1

/
u2 ‘Lb2

* [he simplest case Is binary collisions at x between particles with velocity u1 and uz, an in
the albbsence of an external torce, the collision integral is given by

( ) / (f1f5 — f1f2)o(Q)vdQd us (3-3)
coll 47 JR?

e Where
fi.2 = f(x,uq2,t) : distributions before collision

f1,2 — f(maul,%t) - distributions after collision
o(€2) :cross section of solid angle 2, d€2: solid angle element




Binary collision (cont.)

* Replacing (3-3) in (3-2) we obtain the full (collisional) Boltzmann equation

01 0

| | afl o /ey 3
ot " e Y Ou; _[Lw/RS(flfQ f1f2)ovdQd”us

a=F/m
e Notes:

- Collisionless Boltzmann equation (= Vlasov equation)
® \/lasov - Maxwell equation it external force is Coulomb force

- Collisional Boltzmann equation

® okker-Plank equation if gravity is Newtonian F' = —mV ¢
In this case the collisional integral is replaced by ditffusion coefficients and Boltzmann
equation becomes a PDE (ODE in 1D).




Collisional invariant

* We have used moments of the DF to introduce macroscopic guantities such as mass
density p(x.,?), the bulk fluid velocity v(x.t), and the fluid total energy E(x,?)

* GO one step further and take a moment of the Boltzmann equation itselt, deriving
macroscopic conservation laws describing the dynamics of the macroscopic fluid variables

* Define our generalised moment
Hat) = [ [ ] @uosifs - nova@dbndu,
R3 JR3 J4rx

* The function O(u1) is an arbitrary function of particle velocity

e Note that this Is a triple integral, and variable ui, u», 2 are all dummy integration variables




Collisional invariant (cont.)

* We will switch indice 1 and 2. Collision properties are unchanged under this trivial
transformation. So we have

I(,t) = / | / | Quassfi - faovandnd

1
=5 || ] Q)+ Quall(sif; — i fa)ovaddudus

* where use that if two expressions are equal, they are also equal to their average.

 Now we switch the prime and non-prime velocity variables

—5 [ ]| @) + Quasf — sispo'vagautdb
R3 JR3 J47

/RS /R3 /47T ub)|(f1 f4 — f1f2)ovdQd>ur dus




Collisional invariant (cont.)

* where we use the reversibility of the collisions and the conservation law leading to v’=v
and d3u’ d3uw’ 2 =d3u1d3u;

* Using same manner, we finally obtain the fundamental result

Hat) = [ | ] 1) +Qua)~Qui)~Qu)|(f1 3 fi o) v us dus

» Unspecified quantity Q is so-called a collision invariant if satisfy the following conservation
law

Q(u1) + Q(u2) = Q(uy) + Q(uy)

* [N this case, Its moment vanishes identically so that I(x,f) =0 everywhere




Collisional invariant (cont.)

* \Why Is this result so powerful?

* We already know three collisional invariants from microscopic conservation laws, mass
O(u1)=mi1, momentum O(u1)=miu1, and the kinetic energy O(u1)=1/2 miu;?2

* This will allow us to take the corresponding moments for the Boltzmann equation.




| ocal Thermodynamical equiliorium

* Discuss a particular case of the Boltzmann equation, for which the collision integral

vanishes exactly.

* This case Is important because it leads to the derivation of the Euler equations and the
theoretical foundation of astrophysical fluid dynamics

* The collision integral is the difference between two terms: a source of incoming particles
and sink of outgoing particles

e |f both the so

Urce and sink terms can be very large, the two collision terms exactly cancel

each o

her =

‘hermodynamical equilibrium

* There Is a solution to these equilibrium conditions, called the Maxwell-Boltzmann DF
(usually noted fo)




Maxwell-Boltzmann distribution

* Derivation of the Maxwell-Boltzmann equilibrium DF is the result of requiring detailed
balance of incoming and outgoing collisions in each phase-space element

» Detailed balance leads to the equilibrium DF f (x,v,f) which satisfies (Df/Dt)con = 0

Dfy »
(E)wn _ [l W /R (i = ful)o(@uand

* SO Integrand vanishes everywhere in velocity space, at a given spatial location

* This detailed balance of incoming and outgoing collisions defines what is called local
thermodynamic equilibrium (LTE)

e Reformulate this condition as

fife = f1fs
or Infi+1Info=1Inf;+1Inf,




Maxwell-Boltzmann distribution (cont.)

* We see that detailed balance implies that In fo Is a collision invariant, in addition to the
MICroscopic conservation laws
m1 + mo = my +m)

/ / / /

1 1 1 1
§m1u% + §m2u§ — §m'1u’12 =+ §m’2u’22
* We have seen that these three conservation laws are enough, together with the cross

section, o, to fully specity the properties of the collisions

e A fourth collision invariant Iis a linear combination of three, so that
1
In fo = am+ﬁ§mu2 + v - mu

e Where scalar quantity a, f and vector quantity y depend on space and time




Maxwell-Boltzmann distribution (cont.)

* These quantities are considered as constant in velocity space for a fixed spatial location,
but they are allowed to vary in physical space

e They are macroscopic properties of the fluid, and can be related to the moments of the
Maxwell-Boltzmann DF as follows

fo(u)du = n(z,t)
R3

R3 fo(wyud’u = n(w, t)v(z, )

fo(u ! v)*ud’u = n(x, t)! 5p (X, 1)
RS

* One key property is that this DF is isotropic in velocity space: it depends only on
u? = u2t+u,2tuz2 So that no direction is preferred.




Maxwell-Boltzmann distribution (cont.)

 As a conseqguence, the velocity dispersion satisfies

2 _1|2
1D — - 3

3= =
3
e SO We use only o(x,r) for the 1D velocity distribution

|2_|2_|2
IX_ly_lZ

D

* [nverting the previous three moments, one obtains the following closed torm for the
Maxwell-Boltzmann DF

n(x,t)
(21" (x,t)2)3/2

1(u! v(x,t))?

fo(X,U,t): 9 "(X t)z

exp !

e [t IS quite convenient to introduce one-dimensional Gaussian distribution, with zero mean

and variance o 1

G(w) = w’

2

exp °

21" 2




Maxwell-Boltzmann distribution (cont.)

e and define of the three-dimensional Maxwell-Boltzmann distribution as the product of
three Gaussian

fo(X,u,t) = n(X,t)G(ux ! vx)G(uy ! vy)G(uz! v;)

* The arguments of the Gaussian function have been defined earlier: these are components
of the thermal velocity w = u-v

e The one-dimensional Gaussian function has the following useftul properties
o+ o+

G(w)dw =1 and wG(w)dw =0

. +! u +! u +!

w2G(w)dw = | w>G(w)dw =0 and w*G(w)dw = 314




Maxwell-Boltzmann distribution (cont.)

* The second order moment of Maxwell-Boltzmmann DF can be identified to the pressure of
an ideal gas, for which we have

P=nkgT =1!""*

 As a conseqguence, we obtain

kg T
m

L (X, 1) =

* [he velocity dispersion is thus directly related to the gas temperature.

* The temperature iIs the traditional quantity introduced In statistical mechanics to define
thermodynamical equilibrium




Boltzmann's H theorem

o Sufficient condition for thermodynamical equilibrium is that the DF is equal to Maxwell-
Boltzmann distribution

e But it is not clear yet whether any system initially out of equilibrium will indeed necessarily
relax towards the Maxwell-Boltzmann DF

* This important result is the conclusion of the Boltzmann's H theorem.

e [n order to simplify the discussion, we consider a uniform medium without any external
acceleration (forces).

* In this case, dropping all x dependent variables, Boltzmann equation Is

| f - e |
= (f 1f2| flfz)" vd! d3U2
I RS 4l




Boltzmann’s H theorem (cont.)

* Introduce a new moment of the DF, the quantity

H (t) = | f (u,t)In(f (u,t))d>u
R3

* where fis out of equilibrium DF

* This quantity is the opposite of entropy defined in a statistical mechanics

e Taking time derivative, one obtains

| S 1 f ' |
R AP RNRL dPu = [Inf+1]id3u
It It It - It




Boltzmann’s H theorem (cont.)

* We can now replace the time derivative by the collision integral
TH(t)

It R3 R3 4|

[INfq+2])(fif5! fif2)" vdl d*uidius

- - INfy+Info! Infll InFAFIELT f4F,) vdl dBuidius
4 Rs Rz a

* We finally rearrange the integral into

| —
LN INFAF5 1 Infaf](FLFL1 faf2)" vdl dPusdPus

't 4R3 R3 4l

* logarithm being a growing function of its argument, it X >Y (resp. X<Y), onehasInX>InY
(resp. In X<In Y), so that (In X - In Y) (X-Y) is always a positive quantity




Boltzmann’s H theorem (cont.)

* As a consequence, time derivative of H is always negative and H will necessarily
decrease with time
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* This theorem has profound conseguences for the physics of gases: it introduces the

notion of dissipation as a fundamental property of flul
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Moments of Boltzmann equation

o \We will derive the fluid equations, which are the macroscopic versions of the microscopic
conservation laws

* Take the moments of the entire Boltzmann equation, by performing the integral over
velocity space

T+ T+ - — —
N Q(uq) T u a! " a(x) a! ' d>uq N Q(uq) Ot d>uy

* [f we use for O any of m, mu, or 1/2mu?, (any of microscopic conservation laws), R.H.S. with
collision integral vanishes everywhere.

* SO we just take the moments of L.H.S., namely Vlasov equation.




Moments of Boltzmann equation (cont.)

e Mass conservation

* This is the simplest of the 3 fluid equations.

* Multiplying by particle mass m, we obtain 3 terms

| f | T L f
m—d’u+ muad—diu+ ma(kx)d&—d’u=0
R3 I t R3 I X R3 I U

(1) (2) (3)
e x, u, and ¢ are three independent variables.

e | et's work out each of term separately

(1) = mfd 3u = l'—t"(x,t)

|
ﬁ R3

zeroth-order moment of DF




Moments of Boltzmann equation (cont.)

e Second term (2) requires to use following vector calculus relation

0
L 4fu)=flLai+ua f

 Because u and x are independent variables, | au =0

(2)= ! & mufd3u=" &a(!v)
RB

1st-order moment of DF = macroscopic momentum

e Third term (3), first we need to decompose the dot product

I I
ma(x) a id3u = may !

d>u
3 1 U r3 1 Uy

| f !
d°u + ma, f

y

e | et’s deal with first one.




Moments of Boltzmann equation (cont.)

e \We Introduce the one-dimensional distribution function as

AN = " IF
F(uy)=  fduyu; for which we have ——duy = d3u
R2 " . UX R3 ' UX
* This function can be directly integrated so that
| | f
may d*u=maF(+! )" F(" )]=0
R3 I Uy

e since F— 0 when uy — o0, a required property for DF.
» Using same trick for each direction.

e FInal result Is

"+ 1 a("v)=0 | mass conservation

|
I't




Moments of Boltzmann equation (cont.)

e Momentum conservation

e Use for moment's calculation the quantity O=mu

* The integration over the Boltzmann equation now becomes

| f | f
muy—d®u+  muyu & fd%u+  muya(x) &—d’u=0

R3 l t R3 R3 I U

(1) (2) (3)
e With again three main terms to integrate separately

| |
(1) = —  muyfd3u = |'—t("ux)

It R3

1st-order moment of DF




Moments of Boltzmann equation (cont.)

* The third term can be decomposed into three more terms

f 5 't 5 1
(3) = may Uy d’u + may Uy d°u + ma, Uy d°u
R3 l UX R3 I Uy R3 I Uz

(3a) (3b) (3¢)

* The last two terms vanish exactly. One can define

H(uy) = u, fdu  du,
R2
e SO that second term (3b) can be written as

- YT IH
v Uy

(3b) = may duy = may[H(+! )" H(" )]=0

* same result applies to third term (3c¢)




Moments of Boltzmann equation (cont.)

* The term (3a) does not vanish. We define

F(uy) = fduydu;
R2

e S0 that the third term (3) comes only from (3a) that can be integrated by parts

. 0 .
" | F T "
(3) = ax mUX | u dUX — ax [mU X)]"! . l mF (Ux)dux — I " ax
"! ! X ||!

zeroth-order moment of DF = p

* The function F inside the brackets is evaluated at infinity, but since it is a distribution
function, it converges to zero at infinity faster than u,, so that the bracket vanishes.




Moments of Boltzmann equation (cont.)

e Let’'s focus on second term (2). Use vector calculus relation
0

I a(fuyu)= ug(ua f)+ f!/érmJ)

u and x are independent variable
(2)= ! 4 mu,ufd3u =1 & mu; u; fd 3u
R3 R3
* We now split the velocity Into u; = v + w; and develop the product as
(2)= ! & m(vivi + viw;, + viw; + w;w; )fd>u
R3
* The first of 4 terms is the easiest to compute, as viv; is a constant in velocity space

I a Vi Vi mfd3u = é.(!ViVj)
R3

zeroth-order moment ot DF = p




Moments of Boltzmann equation (cont.)

* [he second and third terms both vanish, because the thermal velocity integrates to zero

Ay, mwfd®u =! av; mwfd3u =0
R3 R3

* The last term do not lead any known macroscopic quantity

* We therefore define the pressure tensor as the 3x3 matrix

MW; W; fd3U
R3

* 5O the final form of the second term of the first-order moment of Boltzmann equation writes
N tensor form

(2)="1tallv" v+ P)=";(lvivj)+ " Pj




Moments of Boltzmann equation (cont.)

e Putting everything together, we get macroscopic, fluid equation for momentum
conservation

| ) .
ﬁ("v)+ L a("v" v+ P)="a | momentum conservation

Le(Mvy) + !j("ViVj)+ !jPij L ("/m)F; =0

* \We cannot say much about this pressure tensor.

_ mmu 2 n 2 n 2 __ mm 2
TTP= 1" 241" 241" 2= 1" 2




Moments of Boltzmann equation (cont.)

* Energy conservation

» Here we multiply the Boltzmann equation by Q = Imu?
e Here avolid detall derivation. We summarise the main results.

* Define total energy: E = %! vZ+ E

 E Isinternal energy which is kinetic energy associated with random, thermal motions

] 1
E= Z—mw?fd3u= =TrP
2 2

* The derivation of energy conservation equation follows the same methodology as the
previous conservation laws




Moments of Boltzmann equation (cont.)

e Familiar macroscopic will emerge, like the pressure tensor.

* We will have to introduce a new macroscopic vector, defined as heat flux

_ 1
Q = m=w?wfd3u
o2

* The final form of the macroscopic energy conservation equation reads

' E , .
W+! a(Ev+ Pav+ Q)= "aav




Moments of Boltzmann equation (cont.)

* |[n summary, we have derived these three macroscopic conservation laws
|
ﬁ" + 1 a("v)=0

I!—t("v)+ 4"V v+ P)= "a

l E , .
WJF! a(Ev+ Pav+ Q)= "aav

e which are also known as the general fluid equations.

* These equations are valid for any underlying DF f.

* [n practice, however, P and QO remains unknown unless we know the exact form of f




Euler equations for LTE conditions

* When the fluid is at LTE, the DF takes a very specific form, namely Maxwell-Boltzmann
distribution

3/ 2 =
m 1 mw?

— I
fo(X,u,t)=n ke T exp | ke T

* This distribution is an even function of w
* As a conseqguence, It multiply by an odd function of w, its integral will vanish
* This leads to a great simplification because

Pi =0 fori#jand Q=0

* The pressure tensor Is the only non-vanishing high-order moment, and it is diagonal




Fuler equations for LTE conditions (cont.)

* Because the Maxwell-Boltzmann distribution Is also isotropic, we have

m

|2 =12 =12
L =y =12
e S50 the pressure tensor is now proportional to the identity matrix, with

P= pl

e and p= I" ¢isthe scalar pressure.

* \We obtain In this LTE limit the so-called Euler equation

I'—t +1 &("v) =0
I!_t("")+ 4"V v+ pl)= "a

|
%+ I &4((E + p)v) = "a av




Fuler equations for LTE conditions (cont.)

* Note that the momentum flux related the scalar pressure can also be transformed in
oressure gradient using the relation

L alpl)=1!p

* In the LTE case, we can also related the internal energy to the gas pressure using

F = %TI’ P so that

3
F= >
5P

* This is also known as the ideal gas equation of state (ideal gas EoS).

e Following up on the analogy with an ideal gas, we recall the relation connecting the
velocity dispersion to the gas temperature

p=1"“=nkgT




