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Introduction
• We focus on a microscopic description of astrophysical gases, using a so-called kinetic 
theory


• In most, we will consider atoms and molecules to be a point-like particles moving in space 
and interacting through collisions


• For system with a large number of particles it is neither possible nor desirable a motion of 
every single particles ⇒ statistic approach, average macroscopic pictures


• Describing these collisions leads one of famous equations, Boltzmann equation, which 
describes the dynamics of the particle distribution function


• A particular distribution function is the Maxwell-Boltzmann equilibrium solution, which is 
the valid solution when the microscopic state of gas is at so-called local thermodynamical 
equilibrium (LTE)     



Particle distribution function
• The number of particles in phase space (x, u) ∈ ℝ6 is described by particle distribution 
function f(x,u,t)


• With              a volume element in phase space,                                      give the number of 
particles with positions, velocities and time.


• Integrating over the entire phase space, the total number of particles in the system is


• Here f is number density distribution function
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Particle distribution function (cont.)
• Alternatively, one could describe the system using the mass density DF fm where 
                            


• f and fm are proportional: fm = mf, where m is the particle mass


• The total mass in the system is simply 


• Another alternative formulation is to use the probability density DF  fp, which express the 
probability of being inside a phase space element. This DF is normalised to 1  


• One can recover the number density DF by multiplying with the total number of particles:
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Moments
• Let’s f(x)  be any function that is defined and positive on an interval [a, b]. 


• The moments of this function is defined as
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Moments (cont.)
• In particular case, distribution is a probability density, p(x), then


• Higher order moments correspond to skewness and kurtosis. 


• Skewness: a measure of symmetry or lack of symmetry


• Kurtosis: a measure of whether the data are peaked or flat relative to normal distribution 
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Moments of the particle DF
• Other quantities can be derived by taken in the moments of the particle distribution 
function.


• By integrating out the velocity dependence, one gets the zeroth order moment, or the 
number density 


• One can also define the mass density
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Moments of the particle DF (cont.)
•The first order of moment, the fluid momentum m(x,t), is defined as 


• and is used to define the fluid bulk or macroscopic velocity v(x,t) as


• At each position and time, an important new variable can also be defined as the microscopic 
relative velocity


• also known as thermal velocity. 
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Moments of the particle DF (cont.)
• In general, arbitrary moments can be defined as


• with q: a function of particle velocity


• A fundamentally quantity can finally be defined as the second order moment of the 
distribution function, this is fluid total energy


• Using the thermal velocity and the relation                                     , one obtains 
immediately the relation
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Moments of the particle DF (cont.)
• where we used following property of the thermal velocity


• and we introduce the one dimensional, component-wise microscopic velocity dispersion


• and the total or three dimensional velocity dispersion as


• We can now interpret eq.(3-1) as the sum of the fluid thermal energy, which is the kinetic 
energy associated to microscopic relative motions and the bulk kinetic energy, which is the 
kinetic energy associated to the bulk, average macroscopic flow     
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Boltzmann equation

• Elementary mechanics states that a trajectory in phase space is defined to first order by


• where the position x and the velocity u are independent variables.


• Assume a phase space volume element                             travels along a trajectory to new  
position in phase space
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Boltzmann equation (cont.)
• The new volume element                         is related to         through the Jacobian of the 
coordinate transformation:  


• Using                        , we deduce


• In other words, we have
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Boltzmann equation (cont.)
• This means the volume element is conserved or


• This result is known as Liouville’s theorem


• If particles can not be created or destroyed, the particle distribution function is also 
conserved since


• leads to     
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Boltzmann equation (cont.)
• This implies that the total time derivative of f is also zero, which can be expressed, using 
partial derivative and the chain rule, as


• This equation gives the time evolution of the particle distribution function and is also called 
Vlasov equation


• One can rewrite this as


• Note that this is partial differential equation in 6-dimensional phase space    
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Boltzmann equation (cont.)
• So far, we have not taken into account any collisions.


• Binary collisions can add or remove particles from a phase space element.


• The change in particle number is expressed by the collision term


• Finally, we get the Boltzmann equation  
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Binary collision

• The simplest case is binary collisions at x between particles with velocity u1 and u2, an in 
the absence of an external force, the collision integral is given by
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Binary collision (cont.)
• Replacing (3-3) in (3-2) we obtain the full (collisional) Boltzmann equation


• Notes:


- Collisionless Boltzmann equation (= Vlasov equation)


• Vlasov - Maxwell equation if external force is Coulomb force


- Collisional Boltzmann equation


• Fokker-Plank equation if gravity is Newtonian  
In this case the collisional integral is replaced by diffusion coefficients and Boltzmann 
equation becomes a PDE (ODE in 1D).
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Collisional invariant
• We have used  moments of the DF to introduce macroscopic quantities such as mass 
density 𝜌(x,t), the bulk fluid velocity v(x,t), and the fluid total energy E(x,t)


• Go one step further and take a moment of the Boltzmann equation itself, deriving 
macroscopic conservation laws describing the dynamics of the macroscopic fluid variables


• Define our generalised moment


• The function Q(u1) is an arbitrary function of particle velocity


• Note that this is a triple integral, and variable u1, u2, 𝛺 are all dummy integration variables 
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Collisional invariant (cont.)
• We will switch indice 1 and 2. Collision properties are unchanged under this trivial 
transformation. So we have


• where use that if two expressions are equal, they are also equal to their average.


• Now we switch the prime and non-prime velocity variables
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Collisional invariant (cont.)
• where we use the reversibility of the collisions and the conservation law leading to v’=v 
and d3u’1 d3u’2 =d3u1d3u2


• Using same manner, we finally obtain the fundamental result


• Unspecified quantity Q is so-called a collision invariant if satisfy the following conservation 
law


• In this case, its moment vanishes identically so that I(x,t) =0 everywhere
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Collisional invariant (cont.)
• Why is this result so powerful?


• We already know three collisional invariants from microscopic conservation laws, mass 
Q(u1)=m1, momentum Q(u1)=m1u1, and the kinetic energy Q(u1)=1/2 m1u12


• This will allow us to take the corresponding moments for the Boltzmann equation.



Local Thermodynamical Equilibrium
• Discuss a particular case of the Boltzmann equation, for which the collision integral 
vanishes exactly.


• This case is important because it leads to the derivation of the Euler equations and the 
theoretical foundation of astrophysical fluid dynamics 


• The collision integral is the difference between two terms: a source of incoming particles 
and sink of outgoing particles


• If both the source and sink terms can be very large, the two collision terms exactly cancel 
each other ⇒ thermodynamical equilibrium  


• There is a solution to these equilibrium conditions, called the Maxwell-Boltzmann DF 
(usually noted f0)



Maxwell-Boltzmann distribution
• Derivation of the Maxwell-Boltzmann equilibrium DF is the result of requiring detailed 
balance of incoming and outgoing collisions in each phase-space element


• Detailed balance leads to the equilibrium DF f0 (x,v,t) which satisfies 


• so integrand vanishes everywhere in velocity space, at a given spatial location


• This detailed balance of incoming and outgoing collisions defines what is called local 
thermodynamic equilibrium (LTE)


• Reformulate this condition as
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Maxwell-Boltzmann distribution (cont.)
• We see that detailed balance implies that ln f0 is a collision invariant, in addition to the 
microscopic conservation laws


• We have seen that these three conservation laws are enough, together with the cross 
section, 𝜎, to fully specify the properties of the collisions


• A fourth collision invariant is a linear combination of three, so that


• where scalar quantity 𝛼, 𝛽 and vector quantity 𝛾 depend on space and time 
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Maxwell-Boltzmann distribution (cont.)
• These quantities are considered as constant in velocity space for a fixed spatial location, 
but they are allowed to vary in physical space


• They are macroscopic properties of the fluid, and can be related to the moments of the 
Maxwell-Boltzmann DF as follows


• One key property is that this DF is isotropic in velocity space: it depends only on  
u2 = ux2+uy2+uz2 so that no direction is preferred.
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Maxwell-Boltzmann distribution (cont.)
• As a consequence, the velocity dispersion satisfies


• so we use only 𝜎(x,t) for the 1D velocity distribution


• Inverting the previous three moments, one obtains the following closed form for the 
Maxwell-Boltzmann DF


• It is quite convenient to introduce one-dimensional Gaussian distribution, with zero mean 
and variance 𝜎
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Maxwell-Boltzmann distribution (cont.)
• and define of the three-dimensional Maxwell-Boltzmann distribution as the product of 
three Gaussian


• The arguments of the Gaussian function have been defined earlier: these are components 
of the thermal velocity w = u-v 


• The one-dimensional Gaussian function has the following useful properties
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Maxwell-Boltzmann distribution (cont.)
• The second order moment of Maxwell-Boltzmann DF can be identified to the pressure of 

an ideal gas, for which we have


•  As a consequence, we obtain


• The velocity dispersion is thus directly related to the gas temperature.


• The temperature is the traditional quantity introduced in statistical mechanics to define 
thermodynamical equilibrium
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Boltzmann’s H theorem
• Sufficient condition for thermodynamical equilibrium is that the DF is equal to Maxwell-

Boltzmann distribution


• But it is not clear yet whether any system initially out of equilibrium will indeed necessarily 
relax towards the Maxwell-Boltzmann DF


• This important result is the conclusion of the Boltzmann’s H theorem. 


• In order to simplify the discussion, we consider a uniform medium without any external 
acceleration (forces).


• In this case, dropping all x dependent variables, Boltzmann equation is 
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Boltzmann’s H theorem (cont.)
• Introduce a new moment of the DF, the quantity


• where f is out of equilibrium DF


• This quantity is the opposite of entropy defined in a statistical mechanics


• Taking time derivative, one obtains
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Boltzmann’s H theorem (cont.)
• We can now replace the time derivative by the collision integral


• We finally rearrange the integral into


• logarithm being a growing function of its argument, if X >Y (resp. X<Y), one has ln X > ln Y 
(resp. ln X < ln Y), so that (ln X - ln Y) (X-Y) is always a positive quantity  
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Boltzmann’s H theorem (cont.)
• As a consequence, time derivative of H is always negative and H will necessarily 

decrease with time


• For a system with finite volume or finite mass, the function will quickly reach a minimum 
value for which the time derivative is zero and the DF is equal to the Maxwell-Boltzmann 
one.


• This theorem has profound consequences  for the physics of gases: it introduces the 
notion of dissipation as a fundamental property of fluid dynamics 



Moments of Boltzmann equation
• We will derive the fluid equations, which are the macroscopic versions of the microscopic 

conservation laws


• Take the moments of the entire Boltzmann equation, by performing the integral over 
velocity space


• If we use for Q any of m, mu, or 1/2mu2, (any of microscopic conservation laws), R.H.S. with 
collision integral vanishes everywhere.


• So we just take the moments of L.H.S., namely Vlasov equation.
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Moments of Boltzmann equation (cont.)
• Mass conservation


• This is the simplest of the 3 fluid equations. 


• Multiplying by particle mass m, we obtain 3 terms 


• x, u, and t are three independent variables. 


• Let’s work out each of term separately

(1)
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Moments of Boltzmann equation (cont.)
• Second term (2) requires to use following vector calculus relation 


• Because u and x are independent variables, 


• Third term (3), first we need to decompose the dot product 


• Let’s deal with first one. 
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Moments of Boltzmann equation (cont.)
• We introduce the one-dimensional distribution function as


• This function can be directly integrated so that


• since F→ 0 when ux → ±∞, a required property for DF.  


• Using same trick for each direction.


• Final result is

<latexit sha1_base64="Q6UE6Rh/cw7wfA3tyFHY+gcNBjg="></latexit>

F (ux ) =
!

R2
fdu y uz

<latexit sha1_base64="wkuHTgEoJOmKs9WQneVz1zG3m/k="></latexit>! + !

"!

! F
! ux

dux =
!

R3

! F
! ux

d3ufor which we have

<latexit sha1_base64="UhS1w2oC45It7hy7AKCCgC+dzNU="></latexit>

max

!

R3

! f
! ux

d3u = max [F (+ ! ) " F ("! )] = 0

<latexit sha1_base64="+D9q4SDCs6xfxKbbX4SqUgdceoA="></latexit>

!
! t

" + ! á(" v) = 0 mass conservation



Moments of Boltzmann equation (cont.)
• Momentum conservation


• Use for moment’s calculation the quantity Q=mux


• The integration over the Boltzmann equation now becomes


• with again three main terms to integrate separately 
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Moments of Boltzmann equation (cont.)
• The third term can be decomposed into three more terms


•  The last two terms vanish exactly. One can define 


• so that second term (3b) can be written as


• same result applies to third term (3c)
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Moments of Boltzmann equation (cont.)
• The term (3a) does not vanish. We define


• So that the third term (3) comes only from (3a) that can be integrated by parts


• The function F inside the brackets is evaluated at infinity, but since it is a distribution 
function, it converges to zero at infinity faster than ux, so that the bracket vanishes.
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Moments of Boltzmann equation (cont.)
• Let’s focus on second term (2). Use vector calculus relation


• We now split the velocity into ui = vi + wi and develop the product as


• The first of 4 terms is the easiest to compute, as vivj is a constant in velocity space
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Moments of Boltzmann equation (cont.)
• The second and third terms both vanish, because the thermal velocity integrates to zero


• The last term do not lead any known macroscopic quantity


• We therefore define the pressure tensor as the 3x3 matrix


• so the final form of the second term of the first-order moment of Boltzmann equation writes 
in tensor form
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Moments of Boltzmann equation (cont.)
• Putting everything together, we get macroscopic, fluid equation for momentum 

conservation 


• We cannot say much about this pressure tensor. 
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Moments of Boltzmann equation (cont.)
• Energy conservation


• Here we multiply the Boltzmann equation by  


• Here avoid detail derivation. We summarise the main results.


• Define total energy:


•      is internal energy which is kinetic energy associated with random, thermal motions


• The derivation of energy conservation equation follows the same methodology as the 
previous conservation laws
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Moments of Boltzmann equation (cont.)
• Familiar macroscopic will emerge, like the pressure tensor. 


• We will have to introduce a new macroscopic vector, defined as heat flux


• The final form of the macroscopic energy conservation equation reads
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Moments of Boltzmann equation (cont.)
• In summary, we have derived these three macroscopic conservation laws 


• which are also known as the general fluid equations.


• These equations are valid for any underlying DF f.


• In practice, however, ℙ and Q remains unknown unless we know the exact form of f
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Euler equations for LTE conditions
• When the fluid is at LTE, the DF takes a very specific form, namely Maxwell-Boltzmann 

distribution


• This distribution is an even function of w


• As a consequence, if multiply by an odd function of w, its integral will vanish


• This leads to a great simplification because


• The pressure tensor is the only non-vanishing high-order moment, and it is diagonal
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Euler equations for LTE conditions (cont.)
• Because the Maxwell-Boltzmann distribution is also isotropic, we have


• So the pressure tensor is now proportional to the identity matrix, with 


• and               is the scalar pressure.


• We obtain in this LTE limit the so-called Euler equation  

<latexit sha1_base64="GFmKAlzYvowC6MdY5zQgDLHNpRU="></latexit>

! 2
x = ! 2

y = ! 2
z = ! 2 =

kB T
m

<latexit sha1_base64="CcJKpyUutVyc30CAvfryApVAAZs="></latexit>

P = pI
<latexit sha1_base64="kTGP3Jw2VpEc2QAO6vlpSZ9cLcs="></latexit>

p = !" 2

<latexit sha1_base64="+D9q4SDCs6xfxKbbX4SqUgdceoA="></latexit>

!
! t

" + ! á(" v) = 0
<latexit sha1_base64="/d7x8mkPxG5nevMZwsjuJeX/RsM="></latexit>

!
! t

(" v) + ! á(" v " v + pI) = " a
<latexit sha1_base64="UUwBk5q0WfEemmAAl2AG4dLe+NU="></latexit>

! E
! t

+ ! á((E + p)v) = " a áv



Euler equations for LTE conditions (cont.)
• Note that the momentum flux related the scalar pressure can also be transformed in 

pressure gradient using the relation


• In the LTE case, we can also related the internal energy to the gas pressure using 
                  so that 


• This is also known as the ideal gas equation of state (ideal gas EoS). 


• Following up on the analogy with an ideal gas, we recall the relation connecting the 
velocity dispersion to the gas temperature
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