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State of a Fluid
• In the simplest case, the state of a fluid at a certain time is fully specified 

by its density 𝜌(r), and velocity v(r).


•  In some cases, necessary to know additional quantities, such as pressure, 
p(r), temperature T(r), the specific entropy s(r), or in the case of 
magnetized fluid the magnetic field B(r)


• Multi-component fluids can have more than one species defined at each 
point (i.e., electrons, ions), each with its own density and velocity


• Equation of motion allows us to evolve in time the quantities, 𝜌(r, t), v(r, t), 
…



Continuity Equation
• Consider an arbitrary closed volume V that is fixed in space and bounded by a surface 

S


• The mass of fluid contained in this volume:


• its rate of change with time is: 


• We can equate this with the mass that is instantaneously flowing out  
through the surface S.


• The mass flowing out the surface area element,                  where     is a vector normal 
to the surface pointing outwards, is             , thus summing contributions over the whole 
surface: 
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Continuity Equation (cont.)
• The divergence theorem states that for any vector-valued function F(r):


• Applying the divergence theorem with F=𝜌v to the RHS and then


• Since this equation must hold for any volume V, the arguments inside the integrals must 
be equal at all points.


• It indicates conservation of mass. 

<latexit sha1_base64="4ogHGWNhWXtUsom+W3frXZ1YbyM="></latexit>Z

V
dVr · F =

I

S
dS · F (r) divergence theorem

<latexit sha1_base64="aA/XLYtGQ1btTKiyJlHB5aiAOHI="></latexit>Z

V
@t⇢(r, t)dV = �

Z

V
dVr · (⇢v)

<latexit sha1_base64="k6Kbd+C0Hhsfpx3VVldLJ18o430="></latexit>

@t⇢+r · (⇢v) = 0 (Eulerian) continuity equation 
= mass conservation

mass flux



Continuity Equation (cont.)
• The Lagrangian expression of mass conservation


• This we have


• In an incompressible flow, fluid elements maintain a constant density, i.e.,


• See that incompressible flows must be divergence free, 
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Pressure
• Consider only collisional fluids where there are forces within the fluid due to particle-

particle interactions = pressure


• There can be momentum flux across surfaces within the fluid even in the absence of 
bulk flows


• In a fluid with uniform properties, the momentum flux through a surface is balanced by 
an equal and opposite momentum flux though the other side of the surface


• Therefore, there is no net acceleration even for non-zero pressure since pressure is 
defined as the momentum flux on one side of the surface



Pressure (cont.)
• If the particle motions within the fluid are isotropic, the momentum flux is locally 

independent of the orientation of the surface and the components parallel to the 
surface cancel out.


• The force per unit area acting on one side of surface is


•  In more general case, forces across surfaces are not perpendicular to the surface


• Isotropic pressure in a static fluid corresponds to
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The Euler equation
• Consider a fluid element that is subject to a gravitational field g  

and internal pressure forces


• Pressure acting on the surface element gives force:


• Pressure force on element projected in direction    :


• Net pressure force in direction    :  


• Rate of change of momentum of fluid element in direction    is total force in that 
direction:
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The Euler equation (Cont.)
• In this limit that


• This must be true for all     and all 𝛿V:
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The Euler equation (Cont.)

• Consider the Eulerian rate of change of momentum density 𝜌v: 
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The Euler equation (Cont.)
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Example: Flow in a pipe in the y-direction
Flux of momentum density

• Any surface will experience a momentum flux p due to pressure


• Only surface with a parallel to the flow will experience ram pressure
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The Equation of State
• In 3D, the (scalar) equation of mass conservation and the (vector) equation of 

momentum conservation can be written as 4 independent scalar equations


• Given appropriate boundary conditions, these must be solved in order to find the 
density (scalar field), pressure (scalar field), gravitational potential (scalar field), and 
velocity components (3D vector field); total 6 degrees of freedom.


• To close the system of equations, we need additional information.


• Specifically, we need to find relations between, gravitational potential 𝛹, pressure p and 
the other fluid variables such as density 𝜌 and velocity v 


• 𝛹 (r) and 𝜌 are related via Poisson’s equation (discussed it later)


• p and other thermodynamic properties of the system are related by the equations of 
state (EoS).



The Equation of State (cont.)
• Most of astrophysical fluids are quiet dilute (particle separation ≫ effective particle size)


• It can be well approximated as ideal gases


• Ideal gas EoS: 


• The ideal gas EoS introduces another scalar field into the description of fluid, 
temperature T(r,t)


• In general, we need to solve another PDE that describes heating and cooling processes 
in order to close the set of equations (discuss it later) 
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The Equation of State (cont.)
• For special cases, we can relate T and 𝜌 without the need to solve the separate energy 

equation.


• Fluids for which p is only a function of 𝜌 (p = p(𝜌)) are known as barotropic fluid


Example: Isothermal case


• T is constant so that


• Valid when the fluid is locally in thermal equilibrium 


Example: Adiabatic case


• Ideal gas undergoes reversible thermodynamic changes such as
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The Equation of State (cont.)
• First law of thermodynamics is


• For an ideal gas, 


• where       is a modified gas constant
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The Equation of State (cont.)
• First law reads


• where define specific heat capacity at constant volume as                       


• For a reversible change, we have dQ = 0,
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The Equation of State (cont.)
• CV depends on the number of degrees of freedom with which the gas can store the 

kinetic energy f,   


• Monoatomic gas has f=3 ⇒                         , Diatomic gas has f=5  ⇒ 


• Returning  to the ideal gas law,
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The Equation of State (cont.)
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The Equation of State (cont.)
For the reversible/adiabatic processes, we have 
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• A fluid element behaves adiabatically if                 with K = const   


• A fluid is isentropic if all fluid elements behave adiabatically with the same K value.


• K is related to the entropy per unit mass.  
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The Equation of State (cont.)
• Polytropic EoS:


• Example of polytropic fluid:


• isothermal gas (n = ∞)


• isentropic gas (𝛾 = (n+1)/n)


• degenerate gas of electrons (n=3/2 for non-relativistic, n=3 for the relativistic case)
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The Equation of State (cont.)
• ideal EoS:


• p ∝ T : prototype EoS is 


• for a monoatomic gas,


• Hence 
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Pressure equation
• Equation of state is often replaced by pressure evolution equation


• It is also work out the evolution equation for the other thermodynamical variables, such as


•   : internal energy per unit mass (which is equivalent to T)

• s: entropy per unit mass


• Neglect gravity, thermal conduction and heat flow, i.e., considering adiabatic processes, 
the entropy convected by the fluid is constant:
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Pressure equation (cont.)
• Apply change rule

• Expand D/Dt
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Internal energy equation
• From pressure evolution equations, using following ideal EoS


• we can write the internal energy equations
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The Energy Equation
• In general, the equation of state will not be barotropic and we will need to solve a 

seperated differential equation which follows the heating and cooling processes in the 
gas, the energy equation.


• From the first law of thermodynamics
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The Energy Equation (Cont.)
• Therefore


• The total energy per unit volume is
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The Energy Equation (Cont.)
• Putting all together


• In many settings,                   , i.e., 𝛹 depends on position only.


• If we have no cooling (                ), this equation expresses the conservation of energy
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Heating and Cooling Processes
•          term in the energy equation describes processes that local cooling (               ) or 

heating (                ) the fluid 


• There are many such processes (can not discuss all)


• Here discuss just small number of important cases


(1)  Cooling by radiation : energy carried away from fluid by photons, such as 
recombination, free-free emission, line emission, Bremsstrahlung, Synchrotron 
radiation, Compton emission etc.


(2)Heating by cosmic rays : heating and energy transport via high-energy particles that 
are diffusing / streaming through the fluid
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Energy Transport Process
• Transport processes move energy through the fluid


• Examples:


• Thermal conduction: transport of thermal energy by diffusion of the hot electron into 
cooler regions.


• Interiors of white dwarfs, Supernova shock front, ICM plasma


• Convection: transport of energy due to fluctuating or circulating fluid flows in 
presence of entropy gradient


• Radiation transport: relevant in optically-thick systems (mean free path of photon 
much shorter than size of system)


